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REMAINING SOLUTIONS

Problem 1 (CLOSURE, INTERIOR, BOUNDARY W.R.T. COMPLEMENT, INCLUSION, UNI-
ON, AND INTERSECTION). Let (X, 7) be a topological space and E, F C X.

f) Prove that O(F' U F) C OF UJF and find an example of strict inclusion.

Proof. f) Let z € O(EUF). Assume = ¢ OF U OF. Then there exists nbhds U and
Vofzst. UNE=0VUNX\E)=0and VNE=0VVN(X\E) =0
But then W = U NV is a nbhd of x with W C U, W C V. Thus WNE =
PVWNX\E)=0and WNE=0VWN(X\E)=0IWnNE =0 and
WNF =0then WN(EUF) = WnNE)UJWnNF) =0 in contradiction to
x € O(FUF). Otherwise (at least) WN (X \ E)=0or WN (X \ F) =0 and thus
WNX\(EUF)=WnN(X\E)N(X\ F) =0 in contradiction to z € d(EU F).

An example for strict inclusion in (R, Tguq) is £ = [0,1] and F' := [1,2]. Then
OF = {0,1} and OF = {1,2} and thus OF U OF = {0,1,2}. On the other side
IEUF)={0,1}.
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