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Remark. The purpose of this excercise sheet is to practice (on hopefully easy excercises)
writing up solutions carefully and in detail.

Problem 1. Prove that f: R — R,z + 2? is continuous using the ¢ — § — definition.
[10 Points]

Problem 2. Let {z,}, C R be a sequence such that the series Y - x, is absolutely
convergent. Prove that > >° |z, exists. [10 Points]

Problem 3. Let I C R be an open intervall, ty € I, and f: I x R — R, such that:
i) For all ¢t € I the function z — f(¢,z) is integrable,

ii) For all z € R the partial derivative %(to, x) exists,

iii) There exists a neighbourhood U of ty and an integrable function g : R — R, such

that, for all t € U N T, t # to and all = € R, ‘% < g(2).
Prove that the function
F:I—>R,tr—>/f(t,x)dx (1)
R
is differentiable at ¢y, and that
0
r Ot

[10 Points]

Problem 4.
a) Prove that U = {g € C''([0,1]) | g(0) = 0} is a linear subspace of C'([0, 1]).

b) Prove that the map T : C([0,1]) — C*([0,1]), with (T'f)(s) = [, f(t)dt for all
s €10, 1], is well-defined and linear.

¢) Prove that Ran(T") = U.

Hint: Ran(T) := {g € C([0,1]) | 3f € C([0,1]) s.t. Tf = g}. You may use without proof,
that C([0,1]) and C'([0, 1]) are vector spaces. [10 Points]

For general informations please visit http://www.math.lmu.de/” gottwald /16FA /
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