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Exercise 1. (Harmonic maps) Let (X, g) be a compact oriented smooth Riemannian manifold and
let u: X — St be a smooth map. Show that u is harmonic, that is d*(udu™1) = 0, if and only if u is

a critical point of the energy functional

1
E(u) = 2/X [dul|* dvol, .

Exercise 2. Show that the maps

and

¢

(Ag +b,0) —— (e=C@"D) Ay 4+ b — d(G(d* D)), eCd D T))

are inverse to each other.

—1.

e: Gt xS

(e, (Ag+a,®)) —— (Ag+a—idf,eld)

Exercise 3. Let (H,g) be a real 2n-dimensional Euclidean inner product space, and J : H — H a

complex structure compatible with the inner product, that is, an orthogonal transformation satisfying

J? = —id. Equip V := H ®g C with the Hermitian inner product

for v,w € H and A\, pu € C.

h(v @ A w® p) == Aig(v, w)

1. Show that there is an orthogonal decomposition V' = V10 @ V%! into the +i-eigenspaces of the
C-linear extension of J. Conclude that there is an induced decomposition A* V = Dy NV
where A\P1V := \P V0@ ATVOL

2. Show that the C-linear extension of the Hodge star x*: /\kV — /\2"_kV satisfies a A *f =

h(c, B) vol and conclude that * maps AP?V to A" ¢ PV,

(please turn)



Exercise 4. Let H be a real 4-dimensional Euclidean inner product space, and J : H — H a complex
structure compatible with the inner product. Let V = H ®g C and for v € V let v := (v —iJ(v))/2
and v¥! := (v +4J(v))/2 denote the projection of v to V1? and V%!, respectively. Set

Vi=V2gqv02 Vo=Vl

1. Show that A" Vol — Vi & V_ becomes a Clifford module by defining Clifford multiplication on
(0[7/6) € V+ by
y(v)(a, B) = V20O A a — #(010 A %p)),
and on ¢ € V_ by
(W) = V2(— * (V10 A %)), 00 A ).

[It may be helpful to recall that ** = (=1)*™~%) on A"V where n = dimc(V).]

2. Let X be a smooth oriented Riemannian 4-manifold equipped with a compatible almost complex
structure J : TX — TX, that is, J is a fibrewise complex structure compatible with the metric.
Conclude from (1) that X has a canonical Spin®-structure, and determine its characteristic line
bundle.

You can hand in solutions in the lecture on Thursday, 13 January 2021.



