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Exercise 1. (The standard Clifford module of R*) Let eg, e, 2, e3 be an orthonormal basis of R*
with the standard Euclidean scalar product. Define a linear map ~: R* — End(C*) by

where

~1 0 i 0 0
By = . B = . Bo=|

0 -B!
v(ej)ZAj=<B, OJ>
J

) o

)

Prove that (C*,v) with the standard Hermitian scalar product is a Clifford module for (R?*, gean)-

Exercise 2. (Clifford multiplication with forms) Let (C*,7) be the standard Clifford module for
(R*, gean) from Exercise 1. Prove that:

1.

(eo Nep Nea Neg) = ~2 0
YleoAerANexNe3) = 0o L )

2. Under ~ the self-dual two-forms

act non-trivially on (C2+ as 2B1, 2By and 2Bj3, respectively, and are zero on C2 .

eo Nep+exN\es
eg Neg —e1 Nes

eg Nes+er Ner

3. The map v induces isomorphisms

(A'(RY) & A*(RY)) ® C = Hom(C%,C?) & Hom(C?,C?)
4

AL(R*) ® C = Endy(C%)
MRHYeC=C- Idgs ,

where Endy denotes the trace-free endomorphisms.

(please turn)



Exercise 3. (Schur’s Lemma) Let (V,~) be an irreducible Clifford module. Prove that every auto-
morphism of (V,7), i.e. every isomorphism f: V — V of Clifford modules, is of the form f(¢) = \¢

for some constant A € S*.

Exercise 4. (Anti-linear automorphisms I) Let J: V' — V be a complex anti-linear automorphism
of a standard (i.e. irreducible) Clifford module. Show that J? = +Idy .

You can hand in solutions in the lecture on Thursday, 21 October 2021.



