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Exercise 1. Let (w,F,G) be a flat Kiinneth structure on a smooth manifold M. Show that the
Kiinneth structure can always be modified in the neighbourhood of a point p € M to give a non-flat
Kiinneth structure on M.

Exercise 2. Let M be a smooth manifold, I an almost product structure, and g a pseudo-Riemannian

metric such that
gIX, 1Y) =—g(X,Y) VX,Ye€TM. (1)

1. Show that dim(M) = 2n for some n, and that ¢g has neutral signature (n,n).
2. Let F,G C TM be the eigenbundles of I, and define w(X,Y) := g(IX,Y) for X,Y € TM.

Show that (w, F,G) is an almost Kiinneth structure. Conversely, show that the almost product
structure and neutral metric associated to an almost Kiinneth structure always satisfy (1).

3. Show that the almost Kiinneth structure (w,F,G) associated with (g,I) defines a Kiinneth
structure if and only if I commutes with the Levi-Civita connection of g.

Exercise 3. Let M be a smooth manifold with hyperholomorphic symplectic structure given by

w3

w1 TWQ .

Let V denote the Levi-Civita connection of the associated pseudo-Riemannian metric g. Show that
A; commutes with V and that w; is V-compatible for all i = 1,2, 3. [Hint: Let (w, J) be one of the (w;, 4;)
of the hyperholomorphic symplectic structure. To show that VJ = 0 you can proceed as follows:

1. Prove the following identity for all X,Y,Z € X(M):
2((Vx )Y, Z) = dw(X,Y, Z) — dw(X, JY, JZ) — g(N(Y, Z), JX),
where N: X(M) x X(M) — X(M) is defined by
N(X,Y) = [X,Y] + JJX,Y] + J[X, JY] - [JX, JY].

2. Assuming that J is integrable, i.e., the (+i)-eigenbundles of J which are subbundles of TM ® C are closed under
the commutator bracket, show that N (Y, Z) = 0 for all Y, Z € X(M). For this notice that J and N can be extended
C-linearly to sections of TM & C.

3. Show that VJ = 0.]

(please turn)



Exercise 4. Consider the Lie algebra nils x R with basis ej,...,e4 and Lie bracket determined by
the single relation [e1, ea] = e3. Let aq, ..., a4 € (nils x R)* be the dual basis. We may view eq,...,e4
as left-invariant vector fields on the corresponding Lie group Nil®> x R and o, ..., a4 as the dual
left-invariant 1-forms. The commutator relations for nils x R then translate into

das=as Ny, doa;=0 Vi#3.
Show that the 2-forms

a=agNaz+ a1 Nay
B=a3Nag —ag Aoy

Yy=az Aoy +a2 Aoy

are left-invariant symplectic forms on Nil® x R and define a left-invariant hypersymplectic structure.

Please hand in your solutions in the lecture on 22 July 2022.



