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FUNCTIONAL ANALYSIS
EXCERCISE SHEET 7 — SOLUTION TO PROBLEM 4

Problem 4 (OPERATOR NORM). Let X = {x = (2,)nen | Vn € N : 2, € R} denote the
set of all sequences in R. Consider the operator H : X — X defined by

1 n
Ha)y = =Sz, N. 1
x) n;% = (1)

a) For p > 1, and a = (a,)y>, € X with a, > 0 for all n € N, prove that

P D p—1 1 P
(Ha)j, — F(Ha)n O (=1 (Ha);_y —n(Ha)y). (2)

Hint: Young’s inequality.
b) Forp>1, N € N, and a = (a,)5, € X with a, > 0 for all n € N, prove that
N 1/p N 1/p
(;(Ha)?;) <o (Z ) . (3)
Hint: Holder’s inequality.
c) Prove that H : /7 — (P is a well-defined, bounded linear operator.
d) Compute [[H |y
[24-24+-3+3 Points]
Proof.

a) Observe that a, = n(Ha), — (n—1)(Ha),—1. Then we obtain

(Ha)t, — 25 (Ha);a, = (Ha), — Lo (Ha) (n <Ha>n—<n—1><Ha>n_1)
1% 1 p—1
= (Hap (1= 27) + = p(Ha) (Ha)o

By Young’s inequality, ab < ©'+% (here . +2 = 1), witha = (Ha)i™" = (Ha)?'" >0
and b= (Ha),_1 > 0, it follows that

p(Ha)y ' (Ha)n-r < (p—1)(Ha);, + (Ha);

n—1>
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and therefore

(Ha), = L (Ha < () (1= ) + (n=1)(Ha)f + S (Ha),
n—1 " gy
= F(H@)n 1T (Ha); |

which proves inequality (2).
b) Let o, :=n(Ha)?. Summing in (2) over n = 1,..., N leads to
i ((Ha)p — L _(Haya ) < L i(a e = -2 <
! -1 VA n=1 ' ! T

p b=

n=1

1/q 1/p
and therefore by Holder, 32 |rps,| < (22;1 |rn|q) (ZnNzl |sn|p> , where
Il)—{—% =1land r, = (Ha)’™', s, = a,,

Z;(Ha)z < %;wa)z-lan < ﬁ <;<Ha>z> (Z ) S

1f SN (Ha)? = 0, then (3) is trivially true, and if 3> (Ha)? > 0, then dividing
(+) by (oL, (Ha)y)' > gives (3).

c¢) Linearity is obvious. By (3), for each N € N,

S (Ha < < (4 )Zm (}%)im

n=1
ie. |Hzl, < 5|, for all z € 7, and thus H : (* — (7, H is bounded, and
IH| < ;5.
d) We claim that |H|| = 2. For each N € N, let

x(N) =n"YPyn <N, zM:=0vVn>N.

n

Note that [z™ |2 =3 1 — 0o as N — co. We have

n=1n

s 14 .-+ trfP 1 L+ N-p
I = S (), = Y0 [T s
n=1 n<N n>N
n p
1+ n-1/p|P [ x~Yrdy
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> D

n<N n<N
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5) T (- - (pp) = ()

Gz

neN

v



In particular, if we write Oy :== >,y ﬁ, then

|He™ly o p (_ On N
2™, = p—1 " P™|p p—1

as N — o0, since (Cy)nen converges, and ||z |[F — oc.



