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Abstract

Certain rheological behavior of non-Newtonian fluids in engineering
sciences is often modeled by a power law ansatz with p € (1,2]. In the
present paper the local in time existence of strong solutions is studied. The
main result includes also the degenerate case (6 = 0) of the extra stress
tensor and thus improves previous results of [L. Diening and M. Ruzicka,
J. Math. Fluid Mech., 7 (2005), pp. 413-450].
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1 Introduction

We study the existence of strong solutions for the system describing the motion
of a homogeneous, incompressible fluid with shear dependent viscosity, which
reads

pu; —divS(Du) + p[VuJu+ V7 = pf inlxQ,
divu=0 in I x €, (NS,)
u(0) = ug in Q,

where the vector field u = (u1, ug, ug) is the velocity, S is the extra stress tensor,
the scalar 7 is the kinematic pressure, the vector f = (f1, fa, f3) is the external
body force, p the constant density, and ug is the initial velocity. Here we used
the notation ([Vu]u); = Z?Zl u;0ju;, ¢ = 1,2,3, for the convective term. We
divide the equation (NS,) by the constant density p and relabel S/p and 7/p
again as S and m, respectively. Thus we consider from now on @) always
with the convention that p = 1. The term Du := £(Vu + Vu') denotes the
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symmetric part of the gradient Vu. The problem will be considered in
Q = (0,27)®> € R? and we endow the problem with space periodic boundary
conditions. The latter assumption simplifies the problem, but allows us to
concentrate on the difficulties which arise from the structure of the extra stress
tensor. As usual I = [0,7] denotes some non-vanishing time interval.

Standard examples of power-law stress tensors for p € (1,00) are

—2
S(Du) = (6 + |Du|2)pTDu or S(Du) = (d+ |Du/)’?Du, (1.1)

where ;> 0 and § > 0 are given constants. These models belong to the class
of power-law ansatz to model certain non-Newtonian behavior of fluid flows,
and they are frequently used in engineering literature. A classical reference
(with a detailed discussion of power-law models including also early models)
is the book by Bird, Armstrong, and Hassager [12]. We also refer to M4lek,
Rajagopal, and Ruzicka [39] and M4élek and Rajagopal [38] for a discussion of
such models. Let us mention that most real fluids that can be modeled by
a constitutive law of type (1.1) are shear thinning fluids, which corresponds
to a “small” shear exponent p, i.e., p € (1,2]. However there are also shear
thickening fluids, which have a shear exponent p € [2,00). Moreover, the case
p = 3 is very interesting also for the modeling of turbulent flows and known in
applied literature as the Smagorinsky model [48|. The mathematical analysis
of the problem (NS,,), started with the work of Ladyzhenskaya [32], [33],
[34]. After the papers by Necas et. al. [36], [9] the problem has been studied
intensively and various existence and regularity properties have been proved in
the last years. The literature on this subject is very large and we focus on the
papers that are mostly connected with the results we are going to prove. In
particular, for the steady problem, there are several results proving existence of
weak solutions [23], [17], interior regularity [1], [24] and very recently regularity
up-to-the boundary for the Dirichlet problem [44], [47], [7], [8], [10]. Concerning
the time-evolution Dirichlet problem in a three-dimensional domain we have
recent advances on the existence of weak solutions in [49] for p > £ and in [22]
for p > g. For this paper the most relevant results of (local in time) existence
of strong solutions in a three-dimensional cube with space periodic boundary
conditions are those in [20], for p € (%, 2]. There are many other papers dealing
with ”strong solutions” for time-dependent problems and we refer for instance
to [35], [38], [2], [3], [13], [25], [28], [29], [30], [37], [39], [43], [44], [45]. Note that
in [13] the existence of local in time strong solutions for the Dirichlet problem is
proved for p > 1. However, this result depends crucially on the fact that § > 0
and breaks down for § = 0.

Our aim is to prove (local in time) existence of strong solutions in the case of
shear thinning fluids, i.e., in the case p € (1,2] and to extend the results in [20]
to the degenerate case § = 0. Our interest in the existence of regular solutions
in the time evolution problem is also motivated by the fact that error estimates
needed for the analysis of numerical methods require improved smoothness. In
this respect weak solutions are not enough to obtain suitable estimates. We
note that results of existence proved here are employed in [11] to improve error
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estimates for Euler schemes previously studied in [41], [18], [19], [14].

We also note that the stability of the numerical results for asymptotically
small ¢ in (I.1) is a problem of certain relevance. This was the hint to try
to understand whether the degenerate case 6 = 0 (which corresponds to a p-
Laplacian, but with a divergence-free constraint and the pressure) can be treated
in the same way. From the physical point of view the fact that the viscosity
can grow without limits is debatable, but from the pure mathematical point of
view, it is interesting that the limit case can be covered by an approximation
technique.

In particular, in our main result Theorem 5.1 we focus on the “stability” of
existence results in terms of § — 0%. Our main task is showing local existence
of strong solutions, independently of the value of § € (0,0p]. As by product,
we shall also show that the (degenerate) limit problem has locally a smooth
solution, which shares several good properties of smoothness with the solution
of the non-degenerate problem. The main tools are precise a priori estimates,
the notion of shifted N-functions, and a suitable approximation procedure to
treat the degenerate problem.

Outline of the paper. The paper is organized as follows: In the section [2] we
fix the notation, we introduce our assumptions on the extra stress tensor, and
we recall basic properties of related Orlicz functions. In section [3 we collect
some features of the extra stress tensor and related quantities which naturally
occur in the investigation of the problem QN—SPD. These results are valid for all
p € (1,00). Then, in section [4 we restrict ourselves to the case p € (1,2] and
prove several estimates (specific of the shear thinning case) necessary for the
main theorem. In section 5] we prove the main result, namely the existence of
local in time strong solutions for the problem @) for p € (%, 2 and 6 > 0
(cf. Theorem [5.1). Thus we extend previous results to the degenerate case.
Finally, in section[6 we study steady problems.

2 Notations and assumptions on the extra stress
tensor S

Let us first introduce the notation which will be used in the sequel. We shall
use the customary Lebesgue spaces LP(£2) and Sobolev spaces W*P(Q) and we
do not distinguish between scalar, vector, or tensor function spaces. We shall
denote by ||. ||, the norm in LP(£2) and by | .|, , the norm in WkP(Q). In this
paper we are considering the space periodic case{z‘, ie., Q= (0,2m)4 d > 2, and
each function f we consider will satisfy f(z+27e;) = f(x),i=1,...,d, where
{e1,...,eq} is the canonical basis of R%. Often we will also require that the
functions have vanishing mean value, i.e., fQ f(z)dz = 0. This is a standard
request in order to have Poincaré’s inequality. We define V as the space of vector-
valued functions on €2 that are smooth, divergence-free, and space periodic with

*However, all results in sections[2,[3]and 4 also hold for sufficiently smooth domains 2 C R<.
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zero mean value and set
WP (Q) := {closure of V in W?(Q)}.

Since we deal with a time dependent problem, we shall make use of the spaces
LP(I;X),1 < p < oo, where (X, ||.||x) is a Banach space. The subscript ”;”
denotes differentiation with respect to time. We write f =~ g if there exist
positive constants ¢y and c¢; such that

cof <g<af.

Let us now discuss the structure of the extra stress tensor S and motivate
our assumptions for it. Due to the principle of objectivity the extra stress tensor
S depends on the velocity gradient Vu only through its symmetric part Du :=
3(Vu+ VuT). Therefore we assume that the extra stress tensor S: R™*¢ —
REX4, where REXT .= {A € R™*? |A = AT} satisfies S(A) = S(A™™) and
S(0) = 0, where A™™ := Z(A+ AT).

Often S is derived from a potential, i.e., there exists a convex function
®: R=% — R=2% which belongs to C1(R=%)NC?(R>?) and which satisfies <I>([O£) =
®'(0) = 0, such that for all A € R¥9\ {0} and i,j = 1,...,d it holds that'

sym

Sig(A) = 0 (B(A™) = & (|A™™]) ZE (2.1)

This assumption is too restrictive and we are able to cover a wider class of stress
tensors, as we shall see in the next subsection.

2.1 On N-functions and shear dependent fluids

In this section we recall some basic properties of N-functions and state some
results which will be useful in the sequel. In particular, this abstract approach
turns out to be very fruitful to treat problems with shear dependent viscosity
in ad hoc function spaces, see e.g., recent results in [15], [21], [16]. In addition,
note that the introduction of quasi-norms in the study of degenerate problems
dates back to [4], [5].

In many cases relevant classes of stress tensors are those derived from a
potential ® with p-structure, or more precisely with (p, §)-structure. This means
that there exist p € (1,00), ¢ € [0,00), and constants v, r; > 0 such that for
all t € RZ0 holds

vo(6 + )72 < " (t) < vy (0 +1)P 2. (2.2)

From (2.2) and [27, Lemma 8.3] (cf. [14] Lemma 6.2], [46, Section 6]) one easily
deduces that uniformly in ¢ > 0

() ~ " ()¢, (2.3a)
B(t) ~ ()1, (2.3b)
T For functions g: R¥*¢ — R we use the notation dg;g(A) := %gf(l‘/;).
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where the constants in depend only on vg,v1, and p. Note, that if S is
derived from a potential we have for all A € R?*4\ {0} and all4,5,k,l=1,....d

(AN [ o AGTAGT o asym A A
O Sij(A) = TlAVT] Sijpl — A + " (|A™™]) A
where 5;“,?1 = %(&;ﬁﬂ + 0410,). Using this one can conclude as in [15, Lemma

6.3], [46,7Lemma 6.7, Section 8] that there are constants vo,v3 > 0, which
depend only on v, vy and p, such that for all A, C € R4*? with A%™ #£ 0 and
i,j.k,0=1,...,d hold

d
S OuSii(A)CyCu > va (8 + |AY™ )P O 2,
i3,k 1=1 (2.4)

-2
|8leU(A)| S V3 (6 + |Asym‘)1’ .

These two relations concerning growth and coercivity will be the main abstract

hypotheses we shall need on S, see Assumption [1.

Closely related to the extra stress tensor S with p-structure is the function
F: R4 — RI%d defined through

sym
F(A) = (5 + |A™m))" 7 A (2.5)

where § > 0 is the same as in (2.2) and (2.4]). If the dependence on ¢ is of
relevance we write FO(A). Moreover, there is a close relation to Orlicz spaces
and N-functions (cf. [31], [40], [42], [46] for a detailed description.)

Remark 2.6. If not otherwise stated we will use the convention that in formulas
relating the quantities S and F' the value of § is the same in each of the quantities
and it is suppressed for shortage of notation.

Definition 2.7 (N-function). A function ¢ : RZ% — R29 is called an N-function
(where N stands for “nice”) if ¢ is continuous, convez, strictly positive fort > 0,

and such that
lim o(t) =0 lim @ =00

t—0t t t—oo

Note that ¢ being convex has a right-derivative ¢’ which is right-continuous.
The complementary function ¢* defined by

o (t) = /o (@) (s)ds := /0 sup{u € R=%|¢'(u) < s} ds,

is again an N-function. We have the following versions of Young’s inequality.

Lemma 2.8 (Young’s type inequalities). For all t,u > 0 there holds

tu < o(t) + ¢ (w).
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In addition, the following inequality for derivatives is valid: for each § > 0 there
exists cs > 0, which only depends on vy,v1, and p, such that for all t,u > 0
there holds

te'(u) + &' (t) u < 6 (t) + 5 p(u). (2.9)

Proof. The first inequality derives immediately from the equivalent definition
of complementary function

¢*(u) := sup (ut - ¢(t)).

t>0

The proof of (2.9) (cf. [15]) follows by the Young’s inequality and by observing
that, in addition to (2.3b), one also has

¢* (&' (1)) =~ ¢(t) uniformly in ¢ > 0.

The above relation can be derived immediately from

b <¢*t(”> <o) < (MZ(“) . viso,

see also [46, Lemma 5.1]. O

In this abstract setting one may also consider an important subclass of N-
functions, those satisfying the As-condition.

Definition 2.10 (Aj-condition). A function ¢ : RZ% — R29 satisfies the Aq-
condition if
o(1) < 0(20) < Kolt) V>0, (211)

for some constant K > 2. The As-constant of ¢ is the smallest constant K
having this property.

In the sequel we shall also consider functions satisfying the As-condition.
Moreover, we shall also assume that the complementary function satisfies the
As-condition, with constant K. Standard (relevant) examples are the functions

Ot) = 19, (1) = (5 + P22, and (1) = [(5+ )25 ds.

Remark 2.12. It is easy to show that inequalities (2.3) hold true with constants
depending only on the As-constant of ¢.

Definition 2.13 (Shifted N-functions). Let ¢ be an N-function. We define the
family of shifted N-functions {¢q }a>0 by

9,(t) = ' (a+1) (2.14)

a+t
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One can show that for all s,t > 0 with s +¢ > 0 holds

s(|s —t]) = ¢ (|s —t[)]s — |
~ ¢ (s +t)|s — t[? (2.15)
~ (0 +s+t)P2s —t]?

)
where the constants depend only on vg,v1, and p (cf. [15, Lemma 6.6], [46,
Lemma 6.3]).

We report some results and inequalities on shifted N-functions, which we
shall need later. A very complete account of inequalities for these functions is
given in [46], to which we shall constantly refer for all results on N-functions.

Lemma 2.16. Let ¢ : RZ0 — RZ0 be an N-function satisfying the Ao-condition
with constant K and let K' € [K,K?] denote the Ay-condition constant of
@' (which satisfies the Ag-condition due to [46, Lemma 5.2]). Then, for all
P, Q € RY*" the following inequalities hold true:

¢1P\(t) < QK/Q%Q\(t) + ¢ip\(‘P - Q) vVt >0, (2.17a)
$lp(t) < 2K'dlq(t) + 2K ¢/ (IP — Q)) Vt>0. (2.17D)

Moreover, if we assume that the complementary function ¢* satisfy the As-
condition with constant K, , then

1, . .
W(aﬁ )i (o) (@) < ((Ba)") (1) < 2Ku(6" )y (ay(w)  Va,u>0. (2.18)
Proof. For the proofs see Lemmas 5.9-5.13 and Corollary 5.14 in [46]. O

From the above lemma we derive immediately a fundamental inequality,
which will be used several times in the sequel.

Corollary 2.19. The following relation
55 415 = (54 ) T t+ 6% (2.20)
holds for all §,t > 0 with constants depending only on p (and not on d).

As claimed, one improvement with respect to previous results is that here
it is not necessary that S is derived from a potential. It is sufficient that S is
a stress tensor with p-structure or more precisely (p, d)-structure. This means
that S satisfies (2.4). In order to clearly formulate the results we introduce the
function

1 p
olt) =1, (2.21)

and the corresponding shifted functions ¢s, where § > 0 is the same constant
as in (2.4). Note that the {¢s}s>0 belong to C*(R=%) N C?(R>?) and are N-
functions satisfying the As-condition with As-constants independent of § > 0.
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Moreover, we have ¢f5(t) = (6 + t)P~2t and min {1,p — 1} (§ +£)P72 < ¥ (t) <
max {1,p — 1}(§ +¢)P~2.

Now we can precisely formulate our assumption on the extra stress tensor
with (p, d)-structure.

Assumption 1 (extra stress tensor). We assume that the extra stress tensor
S: R¥*4 — RIX4d pelongs to CL(R*4 RIXD) 0 C2(R*4\ {0}, REXD) and satis-

sym Sym sym
fies S(A) = S(A™¥™) and S(0) = 0. Moreover, we assume that S has (p,)-
structure, i.e., there exist p € (1,00), 0 € [0,00), and constants Cy,Cq1 > 0 such
that

d
Z O1Sij(A)Ci;Cry = Co (8 + |Asym|)p_2|csym|27 (2.22a)
i kl=1

00555 (A)] < C1 (5 + |AY™])P 2 (2.22b)
is satisfied for all A,C € R¥? with AY™ #£ 0 and all i, k,1=1,...,d.

In terms of 5 (where ¢ has been defined in (2.21)), inequalities (2.22) defin-
ing the (p, d)-structure can be written equivalently as

d
Z O1Sij(A)CijCry > Co o (|AY™])|[C¥™ 2 (2.23a)
ig.k =1

C
|0k Si5(A)] < ’ _11 @5 (|A™™]) . (2.23b)

Moreover, even if the stress tensor does not derive from a potential we can still
introduce F (cf. (2.5)). For that we observe that if ¢ is an N-function, then we

set
V() =Vt =0,

and we define the associated N-function by

vty = [ Was

The properties of the N-function ¢ are treated in detail in [15] and in [46)
Section 6]. For a given function ¢ we denote by F the operator with N-potential
¥, i.e., F(0) := 0 and for all A € R¥*4\{0}

Asym

F(A) = ¢/(|Asym|) |Asym| '

(2.24)

This is the abstract setting for the definition of F. In order to get F (or more
precisely F?) defined in one has to use ¢(t) = ps(t) in the above con-
struction. The main result is that if S is a stress tensor with (p,d)-structure
then )

[F°(A) - F°(B)|" ~ (S(A) - S(B)) - (A - B),
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and this defines a quantity which is relevant in the study of partial regularity
of fluids with shear dependent viscosity, cf. [15]. In the next sections we collect
several results related to stress tensors with p-structure, by using (when neces-
sary) the formalism of N-functions. This abstract setting will be particularly
useful in section [3.1 to derive suitable estimates and continuity properties of
approximate stress tensors.

3 Properties of the extra stress tensor S

In this section we collect general properties of the extra stress tensor S (with
p-structure) and related quantities that naturally occur in the analysis of the
system @) All results in this section hold for all p € (1,00) hence they
are not specific of the shear thinning case. In addition, no restriction on the
space dimension is requested in this section. The results of this section are
rather standard. What is relevant is that we carefully checked that all constants
appearing in the various inequalities turn out to be independent of § € (0, 00).
This will allow us to obtain uniform (in ) estimates on solutions to (NS,).
Let us start with the following crucial lemma, which shows the equivalence

of several quantities which are useful in the analysis of the system (NS,).

Lemma 3.1. Let S satisfy Assumption!I with p € (1,00) and 6 € [0,00), let F
be defined by (2.5), and let © be defined in (2.21). Then for all A, B € R4*x4
there holds
(S(A) = S(B)) - (A = B) = [A™™ — B¥™[2(§ + [BY™| 4 |A™ )P~
~ i e (AT — BT)) (3:2)
~ [F(A) - F(B)]?,

S(A) = S(B)| = [AY™ — B¥™|(§ + [B¥™| + |[AY™[)P72, (3.3)

where the constants depend only on Cy,C1, and p. In particular, the constants
are independent of § > 0.

Proof. For the proof see [14, Lemma 2.1}, [15} Lemma 2.3], [46, Lemma 6.16,
Section 6]. O

Remark 3.4. Since in the following we will insert into S, F, @5, and 15, 6 > 0,
only symmetric tensors, we can drop in the above formulas the superscript “s¥™”
and restrict the admitted tensors to symmetric ones.

The following lemma is a version of Young’s inequality and will be used
frequently in the sequel.

Lemma 3.5. Let S satisfy Assumption|I with p € (1,00) and 6 € [0,00), and
let F be defined by (2.5). Then for each € > 0 there exists c.(p) > 0, such that
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for all A, B, C € R¥4 there holds

(S(A)-8(B)) - (A—-C)
£(S(A)—S(B)) - (A -B)+c (S(A)—S(C)) - (A-C)

and
(S(A)—S(B)) - (A—C) <z |F(A) —FB)|* +c. |[F(A) - F(C)|*.

Proof. Using (2.9), (2.15), (3.2), and the result follows (cf. [6, Lemma
2.2)). O

Especially, for v, w;,wy € WHP(Q) we easily deduce from Lemma [3.5 the
following useful inequality.

/Q(S(Dv) — S(Dwy)) - (Dv — Dws) dx (3.6)

< ¢ |[F(Dv) — F(Dw1)||; + c. |[F(Dv) — F(Dw,)|l3.
We recall the definition of two quantities that will be used extensively in
the sequel (and that are common in the literature concerning (NS,)). The
terms ||[VF(Du)|, and [|(F(Du));||, are related to those coming from testing

the term — divS(Du) with —Au and uy, respectively. They are defined for
4 > 0 through

T(u)(t) := / (6 + Du(t))~*|VDu(t) ? d
" (3.7)
T(u)(t) == / (6 + [Du®))? 2| Duy (1) dar

Q

Let us first prove that the integrands of Z(u)(t) and J(u)(t) are equivalent to
|VF(Du)|? and ’(F(Du))t|2, respectively.

Lemma 3.8. Let § € (0,00) and let F be defined by (2.5). Then, for all
sufficiently smooth u defined on I x Q) there holds a.e.

Cy (6 + [Du|)?~2|VDu|? < |[VF(Du)|* < C5 (6 + |[Du|)??|VDu|?,
Cy (0 4 [Du|)P~2|Duy|? < \(F(Du))t\2 < C3(6 + |Dul)P 2| Duy?,
where Cy = min {1, %}, and Cs = max {1, %}.

Proof. We show the first inequality, the other follows analogously. On the set
{Du = 0} we have VDu = 0 almost everywhere, so (§ + |Du|)?~2|VDul? = 0
on {Du=0}. Since {Du=0} = {F(Du) =0}, also VF(Du) = 0 almost
everywhere in {Du = 0}. This proves the inequality on the set {Du = 0}.
Therefore, we can assume in the following that |Du| > 0. We easily calculate

0, Fy (Du) = 1%2 (6+Du]) " Dypudi|Du| + (6 + [Dul) = 9;Dpu
=:A+B.
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Consequently we get
|[VF(Du)|”> = |A]* +2A - B + [B.
We observe that
B> = (5 + |Du|)”"*|VDu*, (3.9)
2A-B=(p—2)(5+ |Du|)" "’ |Du||V|Du[*, (3.10)

_9\?2 _ _92\?
AP = (“52) 6+ Du) DulviDul” < (232 ) BE. G

Let us begin with the case p > 2. Then 2 A - B > 0 by (3.10) and consequently
IVE(Du)|”> = |A]* +2A - B + [B> > B]%.

To prove the upper bound we observe that A - B = |A||B| and by (3.11) it
follows that

IVF(Du)|® = |A]* + 2|A||B| + |B|?
p—2 2 2 p2 2
< — — el .
_(( 5 ) +(p 2)+1>|B| 4|B|

Let us consider the case p € (1,2). From (3.11) we get |A| < ¥|B| < 2i21”|B|.
This implies

[VF(Du)|”* = |A]”* - 2/A|B| + |B[*

p+2 2—p P a2
= (Al - 2Bl ) (1A - =EB| )+ LB
(1a1- 252 m1) (141 257181 ) + 2 1m
2

> P

=7

From (3.11) we get |A| < 2g—p\B| < 2|B| and

BJ”.

[VF(Du)[* = |A[* - 2|A||B| + BJ*
= |A|(|A| -2B) + B*
< B[
This ends the proof. O

Corollary 3.12. Let Z(u)(t) and J(u)(t) be defined in (3.7) with § € (0,00)
and let F be defined by (2.5). Then, for all sufficiently smooth functions u and
almost all times t € I there holds

IVE(Du(t))[|? ~ Z(u)(t),
[(FDu(1)),[; =~ T @),

with constants depending only on p.

11
March 30, 2008, 18:32



3.1 Approximation of degenerate stress tensors by non-
degenerate ones

In this subsection we construct an approximation for degenerate stress tensors
by non-degenerate ones. This enables us to use estimates that are uniform with
respect to 6 > 0 for the treatment of the problem (NS,) with § = 0.

Thus we assume that S satisfies Assumption 1/ with § = 0 and p € (1, 00).
For x > 0 we define the tensor valued function S*: R3*3 — Rf;r;f through

SH(A) P= (77n * S) (A) - (77n * S) (0)

(3.13)
— [ (S(A-B)-S(-B)n.(B)dB,
R3X3
where n € C§°(R3**3) with CXB, 500 < N < CXgi(0), suppn C Bi(0), and
Jgo 1(B)dB = 1 is a standard mollification kernel and 7, (B) := x~? n(B/k).
One easily verifies that S®(A) = S®(A®Y™), S*(0) = 0, and that for all 4, j, k,1 =
1,2, 3 it holds

Ok1SFj(A) = (N * O Sij)(A) .
Since S satisfies Assumption T we obtain, for all A, C € R3*3 with A%™ £ 0,
and all 4,5, k,1=1,2,3

3
Z O Sf5(A)CiiCri > Co (e x " (|- ]) (|A™™]) |[C¥™ 2,
ijokod=1

C 1 sym
040575 (A)] € == e+ (1) (147,

where o(t) = %t”.
In order to show that S” satisfies Assumption|l/with é = x it is thus sufficient
to show the following result.

Lemma 3.14. Letn,, ©”, and p be as above. Then, we have for all A,B € R3*3
[ @) (A - BB~ o (n+ |A),
B (0)

with constants depending only on p.

Proof. It |B| < k, then for |A| > 2k we have %<|A| + k) < HA| — \BH <
|A —B| < |A] +  and consequently we get ¢”(JA — BJ) ~ ¢"(k + |A|). Using
J 1<(B)dB =1 we thus get for |[A| > 2k that

/ 1e(B)¢" (/A — BJ)dB =~ o (x + |A]).
B.(0)
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For |A| < 2k we have k ~ |A|+k and consequently ¢ (k) ~ ¢”(k+|Al). Using
the properties of 7, and |A| <2k we get

/ 1e(B)¢"(|A — B|) dB = / ne(A — B)g"(|B|) dB
B (0)

B (A)
C
<5 ¢"(IB|)dB
Iig Bdn(o)

~¢"(3r) ~ ¢"(k + |A]).

On the other hand, we also have

/ 1e(B)¢"(|A — B|) dB = / ne(A — B)y(|B|) dB
B (0) B, (A)

C

-5 ¢"(|B|) dB

K= JB,.2(A)
o

= K B a(AN\B.,4(0)

~ ¢"(k/2) ~ " (k+ |A]).

This finishes the proof. O

¢"(IB|)dB

Using Lemma [3.14) and the equivalence ¢”(k + t) =~ ¢//(¢) with constants
depending only on p we thus proved the following result.

Theorem 3.15. If S satisfies Assumption 1 with p € (1,00) and 6 = 0, then
S* defined in (3.13) satisfies Assumption!I with the same p and d = k > 0, i.e.,
for all A, C € R3*3 with AY™ £ 0, and all i,7,k,1 =1,2,3 holds

3
Z 8szZ(A)C’”C’M > OO (p;’(|ASym|) ‘Csym|2’
i,7,k,l=1

0S5 (A)| < Cr ol (|A™)),

with C~'0 and 51 depending only on p, Cy, and Cy. In particular they are inde-
pendent of k.

If we denote S° := S, then we get from the properties of the mollifier that S*
converges locally-uniformly to S° for x — 0T. This means that for any R > 0

lim S"(A) =S%A) uniformly for |A| < R.

k—0t

From the properties of mollifiers and N-functions, we can deduce the following
results, which are crucial in order to pass to the limit as the approximation
parameter k goes to zero.

Lemma 3.16. Let S satisfy Assumption[Jwithp € (1,00) and § = 0. Moreover,
let S* be defined in . Then, the mapping (k,A) — S*(A) is continuous
on RZ0 x RIxd,
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Proof. Let (kn,A,) converge to (ko, Ag) as n — oo We have
8" (An) — 8™ (Ag)| < [S™(An) — 8™ (Ag)| + |S"" (Ag) — 8™ (Ao)|.

If ko = 0 then the second term converges to 0 since S*~ converges locally
uniformly to S by the discussion above. If ko > 0 we have that 7, converges
locally uniformly to 7., and is bounded. Thus, also in this case the second
term converges to 0. To treat the first term, we need some formulas on the
shift change for N-functions. For the first term we have due to (3.3), (2.15),

and (2.17b)

1S (A,) — 8" (Ag)| < ¢|An — Ao|(Fin + [An| + |Ao]) >
< cgr, (|An = Ao))
< e, (AR = Ao|) + el (|fin — ko).

From the continuity properties of the shifted N-functions it follows that the
right-hand-side converges to 0. O

In the case that the extra stress tensor S is derived from a potential ®, i.e.,
2.1, hold with 6 = 0 and p € (1,00), one can use another approximation.
In the situation of a stress tensor derived from a potential we define S#(0) := 0
and for all A € R3*3\ {0} we set

Asym

SH(A) = ¢;(|Asym|) ‘Asym| I

(3.17)

where @' is the shifted N-function (cf. (2.14)) corresponding to the N-function
®. Of course we set again S° := S. This approximation (which is very natural)
suggested to us the more general approximation (3.13) necessary to treat a wider
class of stress tensors with p-structure. In addition, results here will be used
to detect relevant properties of the function F, which is also derived from a

potential (cf. (2.24)).

Lemma 3.18. Let the potential ® satisfy (2.2) with § = 0 and let S* be de-
fined in (3.17). Then the mappings (k,t) — @/ (t) and (k,A) — S®(A) are
continuous on RZ9 x RZ9 and RZ0 x R¥*? respectively.

Proof. Let (kp,tn) — (ko,t0). If Ko + to > 0 then by the definition of ®/ (¢) it
follows that @] (t,) — @ (to). If ko = to = 0 then by (2.17b)

(I);n (th) <c ((I)é)(tn) + @6(|tn - ’in‘))
and since ®((0) = ®'(0) = 0 we get
|, (tn) = @(0)] < ¢ (P4 (tn) + h([tn — £in])) — 0.

Thus the assertion for ®/ (¢) is proved.
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Let now (kn, A,) converge to (ko,Ao). If |[Ag| > 0, due to the definition of
S* and the continuity of ®/ (¢) we have that S"»(A,,) — S%°(Ay). For Ag =0
we have S"(Ag) = 0 and

8% (An) < @, (JA™]) — 0, (3.19)
which shows S*"(A,,) — 0. Thus also the assertion for S*(A) is proved. O

Next, we derive some information on the function F. First, we observe that

Fin (2.5) for § = 0 and p € (1, 00) is derived from the potential ¢ (t) := p%t%“,
ie.,
FO(A) = F(A) = 0/(|A™"™)) 5 (3.20)
' ‘Asym|’ :

and this happens also if the stress tensor S in (NS,) does not derive from a
potential.
Consequently we set

Asym

F(A) = U (1A feo

(3.21)

Now Lemmal3.18with p replaced by % € (3/2, 00) implies the following result.
Corollary 3.22. Let p € (1,00) and let the potential v and F* be defined
in and (3.21), respectively. Then, the mappings (k,t) — . (t) and
(k, A) — F*(A) are continuous on RZ% x RZ0 and R0 x R4*? | respectively.

In order to pass to the limit and to identify appropriate limits with solutions
of the degenerate equations, we shall use also continuity in the approximation
of the inverse of F. We have the following lemma.

Lemma 3.23. Letp € (1,00) and let the potential ¢ and F* be defined in (3.20

and (3.21), respectively. Then, the mapping (k, A) — (F")fl(A) is continuous
on R20 x RIxd,

Proof. Note that (F*) ™ (A) = () (|A™™ ) Ammy, where () ()= (¥}) " (¢).

2—-p

From (2.18) it follows that (1&,’2)’(75) o~ (Iig +t) 7 t¢. This implies that the
assumptions of Lemma [3.16 are satisfied with p replaced by p# (1,3), and
the assertion follows. O

4 Some estimates specific of the case p € (1, 2]

In preparation for the proof of the main result in the section[5/we prove in this
section the necessary estimates and relations needed to extend the existence
result for strong solutions proved in [20] to the degenerate case 6 = 0. In
particular, we prove several results that are confined to the case 1 < p < 2. We
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proceed as in [20] and show the necessary changes to the various lemmas needed
to get suitable a priori estimates. In particular, we shall replace the quantity

(Du)? = (1 + |Dul?)?/?

used in [20] by the more natural (vectorial) quantity F(Du) and in view of
Corollary 3.12 we will also replace the quantities Z(u) and J(u) used in the
previous papers by ||VF(Du)||§ and H(F(Du))tHg, respectively. Moreover, we
show that all constants in the estimates are independent of § > 0.

Throughout this section we shall assume that d =3 and 1 < p < 2. We also
recall the following result, taken from [20, Lemma 8§].

Lemma 4.1. Let S satisfy Assumption[Ilwith p € (1,2] and § € [0,00), and let
F be defined by (2.5). Then, for sufficiently smooth u, v and q € [1,2] holds

ID(u—v)[; < ¢|[F(Du) - FDV)|; [[(5 + |Dul + IDV)* s

where the constant ¢ depends only on Cy, C1, and p. Moreover, ﬁ = oo for
q=2. Forpe (1,2], § € [0,00), r € [1,00], and 6 + ||Dul|, + [|[Dv||,, > 0 we
can formulate this result also as follows

/Q(S(Du) —S(Dv))-D(u—v)dz

> ¢|Du—Dv|?.._(5+|Dul, +||Du - Dv],)*2.

=
Proof. From (3.2) it follows that |F(Du) — F(Dv)|?(6 + |Du| + |[Dv]|) Sl
|Du—Dv|?. Integrating this and applying Holder’s inequality gives the assertion
(cf. also [20) Lemma 8]). For the second inequality we also use that for all
A,B € R¥3 holds |A| + |A — B| ~ |A| + |B|. O

Lemma 4.2. Let 6 € (0,00). Then for all sufficiently smooth v and w and for
all g € [1,2] and p € (1,2] and for almost all t € I there holds

IDv|? < /Q((H w2 Dyl dz (54 Dwl) | ..

2-p (|2

<c [ @+ Dwly 2 Dvide | (5% + [FDw)) 7

2q
2—q

where q/(2 — q) = oo if ¢ = 2 and where the constant ¢ depends only on p.

Proof. The first inequality follows directly from Hélder’s inequality (cf. [20]
Lemma 7]). Using the relation and the definition of F the second in-
equality follows. O

Remark 4.3. The reason that we exclude the case 6 = 0 in the above lemma
is that, even for sufficiently smooth w # v, we do not know a priori whether or
not the right-hand-side is finite.
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We prove now two lemmas, which show which information on second deriva-
tives of u can be extracted from first derivatives of F(Du).

Lemma 4.4. Let p € (1,2] and § € (0,00). Then for all sufficiently smooth
function u there holds

IV?ullp < ¢ ([VEDu)|3 + || + Dul[]?)
¢ Vuilly < e [Dul < ([[(FDw),|[; + |5+ D)

with constants ¢ depending only on p and 2.

Proof. The proof of this lemma is given in [20, Lemma 6] in the case § = 1. We
show now that the same bounds hold, without any dependence on §. We use
the inequality

aP < a*bP? +bP,
which holds for all 0 < a, 0 < b, and p € [1,2]. The previous inequality implies
[V2ul? < (6 + [Du))?~?*|V?ul? + (6 + [Dul)”.

Observing |V2u| < 3|VDu| and using Corollary [3.12 the first assertion follows
immediately. For the second assertion we proceed analogously and use Korn’s
inequality. O

Lemma 4.5. Let p € (1,2] and § € (0,00). Then, for all sufficiently smooth
functions u with vanishing mean value over Q) there holds for s € [1, 00)

Jul? , 5 <ec(IVEDZ+d),

W= p+l (Q)
2 2—
IVul? g+ V20l <[ VED3 5+ Vul,)* ",

6
6—3p+

< ¢ [|(FDu)|% ([VFDu)[2 +57) =

el | s
WP (Q)

< ¢ (|VE(Du)|3 + ||(F(Duw)) |13 + ") ,

2
el se _ + [Vue|? 2. < e [(FDw))l; (6 + [ Vul,)",

2s
5=8pT T=pTs
with constants depending only on Q, p, and s and independent of 6 > 0.

Proof. Using Lemma [4.2] and Corollary [3.12] one can adapt the proof of [20]
Lemma 10] and [19, Lemma 4.2] easily to obtain the results. O

The above lemmas are enough in order to prove existence of strong solutions
for small times or small data in the case 5/3 < p < 2, since essentially in this
case testing with —Au is needed and the convective term can be handled by
assuming that the time interval is small (cf. [35]).

17
March 30, 2008, 18:32



In order to have existence of solutions also for smaller values of p it is nec-
essary to test the equations simultaneously with —Au and “u.”t The next
lemma shows how to extract information from the additional term 4 ||F(Du)||
on the left-hand-side.

Lemma 4.6. Let p € (1,2], 6 € (0,00), F be defined by (2.5), and q € [1,00).
Then, for sufficiently smooth functions u there holds

LFDu) g < ¢ |(EDw)., [FOw),

2(¢—1)
2 2(¢—1)
< e (P} + . PO,
where HF(Du)H;EZj; = /g IF(Du)|* Y dz even if 2(g—1) < 1, with constants

c=c(p,q) and ce = c(g,p,q) for alle > 0.

Proof. This follows by direct computation of the time derivative of |F(Du(t))|?,
the definition of F(Du), Holder’s inequality, and Corollary[3.12 (for more details
cf. [20, Lemma 11]). The last estimate follows from Young’s inequality. O

This lemma can be used to produce the time derivative of |[F(Du)||{ on the
left-hand-side, provided that we add a multiple of HF(Du)HzEZ:B on the right-

hand-side. Moreover, the information coming from ||(F(Du))t||§ is stronger

than that coming from — [, u;- Audz = %% ||Vu||g Thus we leave this term in

its original form and move it to the right-hand-side, where it must be estimated.
This has the advantage that the equation (NS,) tested with —Au can be raised

to some power. The following lemmas show how the terms coming from the

convective term, the additional terms ||F(Du)||§EZ:3 and — [, uy - Audz can
be estimated.

Lemma 4.7. Letp € (1,2], 6 € (0,00), and q € (9;31’,00). Then, there exists a
constant Ry = Ry (p) such that for alle > 0 and all sufficiently smooth functions
u there is a constant c. = c(e, p, <)) such that there holds

IVulf < c. (P + 5% + ¢ (IFO) + [[VED)2).

Proof. Tt suffices to consider the case ¢ < 6/p, since if ¢ > 6/p we can get directly
the above estimate, without using interpolation. Using Korn’s inequality we get

Vu|[} < ¢|Dulf}. From relation (2.20) we get | Vul[3 < c(||F(Du)|\2j§ + 6%),

with a constant independent of . Thus, we interpolate L5/P(2) between L?(Q)
and L°(Q) to obtain

F(Du) |07 < [F(Du)| 7" [F(Du)||;
[F(Du)lg,, < [FDw), = [FDu)s" ,

#This means to take the derivative of the equations with respect to ¢, then multiply by uy,
and perform suitable integrations by parts.
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with 0 = 2228 If 8% < 9 we can use Young’s inequality and the embedding

q—6 p
Wh2(Q) — L5(Q) to obtain the assertion of the lemma. This condition is
equivalent to the requirement % < q<6. O

Lemma 4.8. Let p € (1,2], § € (0,00), and q € (9;#,00). Then, there exist

constants Ry = Ra(p), Rs = R3(p), and Ry = R4(p) such that for alle > 0 and
all sufficiently smooth functions u there is a constant c. = c(e,p,Q) such that
there holds

/[Vut]u~ u; dzx
Q

< e [(EDw); + o (el + [FDw)];° +5%).

Proof. Korn’s and Holder’s inequalities imply for ¢ > %

/ [Vu]u; - uy do
Q

2
< cllu P, D]
Next, by using (2.20) and the definition of F(Du) we get

2
<c Hut\&% (|FDu)]|? +94),

/ [Vu]u; - vy dx
Q

2(1-6) 20 2
< 20 P e (PO 1 9).
with a constant ¢ independent of §. Note that the interpolation Lo Q) =
6gp -
[L2(Q), LT2=0orT53 (Q)]g, is possible since ¢ > 9;#. Next, Lemma 4.2 (replace
q there by 473511)(1 and v by u;), Corollary [3.12, the definition of F(Du),

and imply

» 2(2—p)
[Du | <c [(FDu))ell, [[62 + [FDu)]f|, "

2pq
4—2p+pq

Note, that 4_3211)(1 € (1,2] for g > 9;@ and p € [1,2]. Korn’s inequality and

the embedding W=z Q) — L =65 (©) thus imply

/ [Vulu, - uy dz
Q

b 2(2-p) \ 26 2
< 3" (IEDW), 0% + FOw|, )" (IFDu)]} + )

R-
< < D)2 + e (= + [P +67),

which proves the assertion. Note, that the ¢ here is obtained from the ¢ in [20,
Lemma 13] by multiplying with %. O

Proceeding similarly one can modify also Lemmas 14 and 16 in [20].
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Lemma 4.9. Let Let p € (1,2], 6 € (0,00). Then, there exists a constant
¢ = c(p, Q) such that for all sufficiently smooth functions u there holds

’/ u; - Audz

Proof. Cf. |20, Lemma 14] and Corollary[3.12! O

4(p—1)

_p+2
< clfurl, 7 F D)3 (IVF(Du)]5 + 7)== .

Lemma 4.10. Letp € (1,2], 6 € (0,00), r € [1,00), and 2 < g < min{4, ;jrl)},
Then, there exists a constant Rs = Rs(p) > 1 such that for all € > 0 there is a
constant c. = c(e,p,r,Q) such that for all sufficiently smooth functions u there

holds

|F(D ngg 1 < c. |[F(Du)[|" +e (|[FDw)];" + [|VEDu)[3").
Proof. For 2 < ¢ < 4 we can interpolate L2(~1(Q) = [LI(Q2), L5(Q)]y, with

0= %. Using Sobolev embedding W12(2) < L5(Q) we thus obtain

(¢=1) (g=1)(1-9) (
[F@wf373) < e [F w3 F D) [ )

If 2(¢ — 1)0 < 2r we can use Young’s inequality to get the assertion. This
condition is equivalent to ¢ < 6(T+1) (cf. [20] Lemma 16]). O

Using the above results one can show for each § > 0 (cf. [20] and see also
section[5) suitable a priori estimates which can be used to prove the local in time
existence of strong solutions of the problem M), via the Galerkin method.
Since all previous estimates are independent of & > 0, we shall be able treat
the case 6 = 0 by a limiting procedure. However, we shall need the results of
subsection 3.1 in order to justify also the limit in the extra stress tensor S and
related quantities.

5 Main Theorem

Now we have prepared everything to formulate and prove the main result of the
paper.

Theorem 5.1. Let S satisfy Assumption 1 with p € (%,2] and 6 € [0, 6]
where 8o > 0. Assume that £ € L>°(I;WH2(Q)) N WE2(I; L2(2)), where
1= [O,T], and ug € Wji’f(Q), divS(Dug) € L?(Q). Then there exists a time
T =T(d0,p,Co,f,ug,T,Q), with 0 <T' <T, such that the system @) has
a strong solution u € LP(I'; W P(Q)), I' =[0,T"], satisfying for a.e. t € I' and
for all p € de (Q)

/ u(t) -+ S(Du(t)) - Dy + [Vu(®)u(t) - pdx = / f(t) - pd, (5.2)
Q Q
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and

el oo (17, p2(0)) HIFDW) [l yr2(pr o) + [|F(Du)

”LQ s (I W1.2(Q)) <e, (5.3)

with a constant ¢ = ¢(dg, p, Co, ||£]|, [[uol], T, Q). In particular, we have

we LU5S (W2 Q)N O Whs(Q)  1<s<6(p—1) (5.4a)
w, € Lo(I'; LA(Q)) 1 LE=36-0 (I'; W1 (Q)) (5.4b)
with norms of w and vy bounded by constants ¢ = ¢(dg, p, Co, ||£]], ||uoll, T, 2, s)

and ¢ = ¢(dg, p, Co, ||£]], |uol|, T, ), respectively. Due to and p > L we
have u € C(I, W5 (Q)). This solution is unique within C(I; W35 (Q)).
Remark 5.5. Moreover, for § > 0 there exists a pressure 7 satisfying

2(5p—6)

Vre L == (I';L*(Q)) (5.6)

and the second time derivative satisfies
wy € L2(I'; (W2 ()7, (5.7)

with both norms bounded by a constant ¢ = ¢(4, p, Co, C1, ||f]], ||uoll, T, ),
which may explode as § — 0F.

Proof of Theorem[5.1. We split the proof into two parts: first we treat the non-
degenerate case 0 > 0 and then the degenerate one ¢ = 0.

The case 6 > 0: In the non-degenerate case the proof follows exactly along the
line of the corresponding statements in [20] (cf. [45]), if one replaces the lemmas
there with corresponding lemmas here. We sketch the proof here in order to
obtain a precise dependence of the constants with respect to 4.

The proof is obtained by an application of the Galerkin method. Let w*, with
k € N, be the eigenfunctions of the Stokes operator and let A\¥ be the correspond-
ing eigenvalues. Note that [, w"” dz = 0. We denote Xy := span{w?,...,w™}

and we define the projection PNu = Zf\[:l fQu -w'dr w". Note that

PN W2 — (X, [[ll52) are uniformly continuous for all 0 < s < 3. As usual,

we seek the Galerkin approximation u™ (t,z) = SN ¢N(t)w"(z), N € N, as

r=1"-r

the solutions of the Galerkin system (for all 1 <r < N, ¢ € I)

/ ul¥ (t) - w" + S(Du” (1)) - Dw” + [Vu® (H)]u? (t) - w" dx = / f(t) - w"dx,
Q Q

u™¥(0) = PNuy. (5.8)

Existence of the function u'¥ follows from standard theory for systems of ordi-
nary differential equations. Moreover, the Galerkin approximate functions u’v

are sufficiently smooth due to our assumptions on the data. We can consequently

use u® as a test function in to obtain the “energy” inequality

2
HuN||L°°(I;L2(Q)) + ”uNHiP(I;Wl»P(Q)) < c([I£]], [[aoll) + (2, T) 6", (5.9)
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where we used (with B = 0), 67 4+ tP ~ (§ + t)P~2t2 4 §P (cf. [46, Remark
6.15]) and Korn’s inequality. By following a well-established technique (cf. [35]
[36], [20]) for (]W) with space periodic boundary conditions, We use —Aul as
a test function in (5.8). Moreover, we move the term — [ul - Au™dx to the

right-hand-side to get
/ u - Au® dz|,
Q

where we used (2.22a)) and Corollary 3.12] Using the assumptions on f, inequal-
ity (5.9), Lemma Lemma and Young’s inequality we can estimate the
right-hand-side to obtain for g > 9_]’# and for a.e. t € 1

o || vRDu) | < [vu |2+ ’/ VE - vur i +
03 Q

IVEDuY @)
< c. (IVu 1L, [ VEW, +max{s?, 5} + [[FDu @),

a1, B ), 127 + [FOu o))

+¢||VF(Du™ ()

||2, (5.10)
where c. = c.(p, Q). Raising this inequality to the power r € [1, 3 5P pﬁ) we obtain
with Young’s inequality and absorbing the last term on the rlght hand-side in
the left-hand-side

IVEDuY @)
Rs pr £3r N Rq N Rs
< c. (IVE@5° + max{s, 6} + [[FDu (1) |17 + [ (1)

2r 2

+ Ve (@), + |[FDu™ @) ) +e|(FOuY @), G
where Rg = Rg(p), R7 = R7(p), Rs = Rs(p), Ro = Ry(p), and c. = c.(p, 7, Q).

We take now the time derivative of (5.8) and, by using ul¥ as a test function,

we arrive at the following equality:
s+ [ (SDu))- D+ (VaVluY), -l do = [ fou o
Q Q
Using (2.22a), Lemma [4.8, Corollary and the assumptions on f we get for
a.e. t€Iandq>9 3p

d 2Cy
Sl @l + =

| E@u @),

c. (I(t) u2 + [ @53 4 [ EDu )| + )

+e||(FDuV ),

2 )
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where ¢. = ¢(e,p,Q). Adding %HF(DuN)HZ to both sides and using Lem-
mas [4.6]and [4.10 we thus obtain

d 2 d 2C
g @+ g [FOu @)+ 5

|(FDu 1)), |2

<2¢||(EDuV (), ] +¢ | VEDuY (5.12)

I2
e (IR + I (5> + [PDu (1) 74 4 1)

Summing up (5.11) and , and choosing ¢ sufficiently small we arrive, for
a.e. t € I, to the following

2

& (I @13+ RO @)]2) + VRO )+ || (EDu ),

< ¢ (max{d™, 67,5} + | Vu (1) + [[FDuY @) [}

+ [ (5 VeG54 IE13),

as long as

max{293p}<q<m1n{4 ;jrl)} and 1<7'<5p ,

with a constant ¢ = ¢(p,r,Co,Q). In order to control the term |[[Vu|, on
the right-hand-side we need to have also ¢ > 4/p since by recalling (2.20
[FDu™ (1))]|, +07/2 =~ Va2, + 57/,

The restrlctlons on ¢q are then equlvalent to
max{4 9= 3p} < ¢ < min {4, 12(p— 1)}

One easily checks that we can find such ¢ and r as long as p > 7/5. Moreover,
from the assumptions on the data, the fact that u’¥(0) = PMuy is a solution
of the Galerkin system (5.8) at time ¢t = 0, and the properties of the projection
PN follows that

IEDu™(0))llg + [luf (0|2 < c(f, uo).

Thus, we can apply the local Gronwall lemma (cf. [20] Lemma 24]) which yields
that there exists a time 7”7 = T"(d¢,p, r, Co, ||f||, |[uoll, T, 2) such that on the
interval I’ := [0, 7] we have in particular

[ | oo 172220y + IF DU lypa2 ey + IFEOUN) [ oz gy < €

with a constant ¢ = ¢(dg, p, , Co, ||If]|, ||uo|l, 7.2) and 1 < r < 52%_196. Using this
estimate and one can get rid of the dependence on r. Thus we finally
obtain

N N
[ ||Loc(1/;L2(Q)) + [|[F(Du )||W1,2(1/XQ) + |F(Du")]| 122 (1/ W) O

(5.13)
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with a constant ¢ = ¢(do, p, Co, |[f||, [[uo|l, T, £2). From (5.13) one can pass to the
limit as N — oo and show the existence of a strong solution u of (NS,) defined
through
u:= lim u®.
N—o0

This can be done with standard compactness results and De Giorgi’s semi-
continuity theorem (see e.g, [26]). By using interpolation theory one can show
that the limit function u has the regularity properties stated in the theorem
(cf. |20} Section 6] for full-details). Note that

/ |V(S(Du))|* dz < Cy /(5 + Du)2*=2|VDul’ dz < ¢, 6772 |VF(Du)||3,
Q Q

SOy < Cy [ 64+ DD, P < 035 (B D).
Q Q

which together with implies (by comparison) the statements for uy and
m in Remark Uniqueness follows in a standard way (compare [20]) from
regularity in (5.4). This finishes the proof for § > 0.

The case § = 0: In the degenerate case we cannot use directly the same tools,
but we approximate the (now degenerate) system (NS,)) by the non-degenerate
one
uy — divS*(Du”) + [Vu"Ju" + V" =f inIxQ,
divu®"=0 inlxQQ, (NSy)
u®(0) =uy in Q,

where S* (for 0 < k < 1) is defined in (3.13). Since S* satisfies Assumption [T
with § = 0 replaced now by k > 0, by using the above theory (and by recalling
the independence of § of results in section[4) we obtain that there exists a unique
strong solution u” satisfying (5.3) uniformly in &, i.e., for x € (0,1] we have

<c

— Y

(5.14)

Il o2y - (B DU |2 gy T [E @0 agpme o

where ¢ = ¢(p, Co, ||f|], |[uol], T, ). For each “smooth enough” function v we

write (cf. (3.21))
—2
F*(Dv) := (k + |Dv|) * Dv,

to be able to follow exactly the dependence on x. The limiting process x — 01 in
all terms in INS’; ) except the extra stress tensor S* is clear. Using Lemma 3.16
and Lemma [3.23one can identify the limit

lim//S”"(Du“")~Dwdmdt (5.15)
n=eeJrJa

for smooth w and x, — 0T as n — oo. Indeed, from it follows that
Frn(Du”") is bounded in W12(I’ x Q). Thus, there exist Q € W12(I' x Q)
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and a subsequence (labeled again F*~(Du"")) such that

F*(Du") — Q a.e. in I’ x Q,
F* (Du"™) - Q in Wh2(I' x Q)
Fr (Du"™) — Q in L2(I' x Q)

We set P := (F°)~1(Q). From Lemma [3.23!it follows that
Du® = (F* ) Y (F*(Du"")) — (F°)"1(Q) =P ae. in I’ xQ.

From we obtain that Du®" is bounded in LP(I’; W1?(Q2)) and thus there
exists a subsequence, labeled again Du”», which converges weakly to Du in
LP(I'; WHP(Q)). Since weak and a.e. limit coincide we obtain that

Du"* — Du=P a.e. in I’ x Q. (5.16)

Lemma|3.16 and Corollary [3.22 imply now that

F*(Du"") — F(Du) a.e. in I' x Q,
F* (Du"") — F(Du) in L2(I' x Q),
F* (Du") — F(Du) in Wh3(I' x Q),
S®»(Du"*) — S(Du) ae.in I’ x Q.

The limit in (5.15) is now easily identified by Vitali’s convergence theorem,
due to the growth condition of S* and (5.14). We define the solution of the
degenerate problem as

u:= lim u”®".
n—oo

The lower semicontinuity of the norm implies that

[ell oo (20 + [FDW|[ 12 1)+ ||F(Du)||L2%1§U,;WL2(Q)) <ec, (517)

with a constant ¢ = ¢(p, Co, ||f]], ||uol, T,2). From these results, the esti-
mates (5.4) can be derived in the same way as for 6 > 0. These estimates,
together with (5.16), imply also that

Du"" — Du in L'(I' x Q),
Viurr — Viu in LY(I' x Q), (5.18)
Vu/» — Vu, in LY(I' x Q).

6 Steady problems

The same technique introduced in the previous section can be also used to prove
related results for steady space periodic problems. From the a priori estimates
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which can be derived by using u and —Au as test function one can easily prove
existence results for strong solutions. In the degenerate case one can use the
same approximation {S"},_ as above.

We consider two steady problems: the p-Navier-Stokes and a quasi-p-Oseen
problem. The first system is the natural one for fluids with shear dependent
viscosity, while the study of the second one is motivated by the fact that it
is needed in the error analysis of time discretization problems, we performed
n [11]. The first result we prove is the following.

Theorem 6.1. Let us consider the steady problem

—divS(Du) + [Vulu+ V7 =f in Q,

6.2
divu=0 mn €, (6:2)

with space periodic boundary conditions. Let the extra stress tensor S satisfy

Assumption |1 with p € (%72] and § € [0,0¢] for some &g > 0 and assume
that f € W12(Q). Then, the system (6.2) has a strong solution u € Wdli’f(Q),

satisfying for all ¢ € W&i’f(ﬂ)

/ S(Du) - Dy + [VuJu- pdz = / f-pde,
Q Q
and

[EDu)ly120) <

with a constant ¢ = ¢(do, p, Co, ||f]|, Q). In particular, we have
u e W (Q),

with norm bounded by a constant ¢ = c¢(do, p, Co, ||f]], ).
Moreover, for § > 0 there exists a pressure ™ satisfying

Vr € L*(Q)

with norm bounded by a constant ¢ = c(d,p, Co, Cy, |||, ), which may explode
as § — 0F.

Proof. We only sketch the proof of this result, since it can be obtained by
following exactly the same arguments of the previous one. First, we observe
that weak solutions have gradients in LP(f2). In fact, by employing a Galerkin
approximation and using u” as test function we get (independently of the value
of § > 0)

IDu™ |, < e (IFlI5 + 8).

To prove existence of strong solutions, for § > 0, we consider again the Galerkin
system, and after using —Au” as test function and performing suitable inte-
gration by parts, we estimate the integral coming from the convection term as
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follows (by definition of F and the Sobolev embedding W12(Q) — L5(2))

3(1-0)

3 36
V|3 < c[Du™| " [Du”|,

N30 Ny T 3(1-9)
<c|[DuV |7 (IFDu™)|g * +6 )

6(1—0) 6(1—-0)

36 === ( B
< c|DuV|, (IFDuY), © +[VEDuY)[, 7 45500,

where § = (p — 1)/2. By using Corollary 3.12, the equivalence |F(Du®)||, +

ya
P/ ~ | Du”||2 4 67/2, and also that [Du” ||, is bounded uniformly in terms
of the data, we consequently get the following a priori estimate

6(1—0)
P

IVE(DuY)|2 < ¢ |[VF(DuY)|,

with ¢ = (p, Co, C1, [[f]],€2, ), and, in order to absorb ||[VF(Du")||, in the
left-hand-side, we need

6(1—26 9
u<2(:>p>f.
p 5

Passing to the limit for N — oo is done with standard compactness tools.

In the degenerate case & = 0 we use the approximation technique of the
previous section and we prove the existence of u”® (with bounds independent of
k) for the approximate problem with S replaced by S®. The limiting process
k — 0T follows exactly as in the previous section. O

Since the problem is steady we cannot use uy; as a test function. This results
in a narrower range of admissible p compared to the time evolution problem.
We consider now an Oseen-like problem and have the following result.

Theorem 6.3. Let us consider the steady problem

u—divS(Du) + [Vulv+ Vr =f in Q,

6.4
divu =0 in €, (6-4)

with space periodic boundary conditions. Let the extra stress tensor S satisfy

Assumption [T with p € (1,2] and § € [0,80] for some 6y > 0. Assume that

f € WY2(Q) and that v € WP(Q) are given. Then, the system (6.4) has a
strong solution u € W(}i’f(ﬂ), satisfying for all ¢ € Wdli’f(Q)

/u~<p+S(Du)-D(p+[Vu]v~<pdx:/f-(pda:,
Q Q

and ) )
[Vull; + [[FDu)[[j1.20) < ¢

with a constant ¢ = c(do, p, Co, ||V, ||f]l, Q). In particular, we have

u e W (Q),
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with norm bounded by a constant ¢ = c(do, p, Co, ||V, ||f]], 2). This solution is
unique within the class Wdllf(Q) for p > 3 and within the class W;i’fp(Q) for
p> i

Moreover, for § > 0 there exists a pressure ™ satisfying

Vr e L*(Q)

with norm bounded by a constant ¢ = (6, p, Co, C1, ||V, If]l, ), which may
explode as § — 0.

Proof. Again we give the only basic steps of the proof, since details are similar
to the previous results. We show the a priori estimate for the Galerkin solutions
u”. First we get (independently of the value of § > 0) the estimate obtained
by testing with u®

2 p !
[a™[f5 + [Du[l, < c (F]5 + 67).

For § > 0, to prove the existence of strong solution we use —Au” as test
function and perform integrations by parts. By using Corollary|3.12 we get

2
IVuN[2 + | VEDuY)| < c (nfn%m + [ 1wy |VuN|2dx)

< c (€12 + 19Vl V0|2, ).

With Korn’s inequality, interpolation Lo = [LP, L%]g (which is possible for
p > %), and a Sobolev embedding, we obtain

5p—7 7=3p
IIVVIIBza\|V11N||23§p1 < ¢|[DVllsy|[Du™|l, " [Du™]| 4
- -P

_2p

< ¢ |Dv|3 7 [Du |7 + e IIDuNHi%
_2p_

< ¢ [Dv| 37 [DuV|? +ec[[ VDUl 7.

Finally, by using Lemmal|4.5! (first and second inequality with s = p), by recalling
the uniform bound for ||DuN||p, by using Korn’s inequality, § € (0,dp], and
p € (1,2], we get

IVl V|| o5
3p—1

2
5p— 2—
" Du|F + e e[ VEDu) |3 (5 + [ Vut],)" "

3p
2

< e [Dvl5p 7 + el VF(DuY)|3,

< c|[Dv]

with ¢ = ¢(d,p, Co, C1, ||v]], ||f]], 2). By choosing € small enough we can absorb
the last term in the left-hand-side to get

Va5 + [ VEDuY)|% < c.
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This last estimate shows the a priori bound which can be used (passing to the
limit as in the previous theorem) to show the existence of the strong solution u
to problem (6.4). Moreover, the fact that the quantity HVuHé + ||VF(Du)||§ is
bounded uniformly for 6 € (0, o] can be employed, by the same approximation
technique, to show existence also in the degenerate case. Details can be easily
fixed by using the machinery of the previous section.

The uniqueness result is easily obtained by testing the difference of the equa-
tions by the difference of the solutions. The bounds for p are due to the justifi-
cation of the computations. O
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