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To be discussed on Wednesday, 27.4.2016.

Ex. 1: A function f : Rn \ {0} → C is called homogeneous of degree d ∈ R
if f(rx) = rdf(x) for all r > 0 and x 6= 0.

(a) Let f : Rn \ {0} → C be continuous and homogeneous of degree d ∈ R.
Prove that there exists a constant C > 0 (depending on f) such that

|f(x)| ≤ C|x|d, x ∈ Rn \ {0}.

What is the smallest possible C?

(b) Let f : Rn \ {0} → C be k-times continuously differentiable and homo-
geneous of degree d ∈ R. Prove that ∂αx f is homogeneous of degree d − |α|
and that

|∂αx f(x)| ≤ Cα|x|d−|α|, x ∈ Rn \ {0}

for all |α| ≤ k, where Cα depends on α and f .

Ex. 2: Let 〈ξ〉 := (1 + |ξ|2)1/2. Prove that for any s ∈ R, α ∈ Nn
0 , there

exists Cs,α > 0 such that

|∂αξ 〈ξ〉s| ≤ Cs,α(1 + |ξ|)s−|α|, ξ ∈ Rn.

Hint: Consider the function f : R × Rn → R, f(a, x) := (a2 + |x|2)s/2. Use
that f is homogeneous of degree s.

Ex. 3: (a) Prove that

|f |′′k,S := sup
|α|+|β|≤k

‖xαDβ
xf‖2, f ∈ S(Rn),

defines an equivalent1 family of semi-norms on S(Rn).

(b) Prove that for any k ∈ N there is a Ck > 0 such that

|f |′′k,S ≤ Ck‖〈x〉k〈Dx〉kf‖2, f ∈ S(Rn).

1to the family of seminorms defined in the lecture
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(c) Prove that for any f ∈ S ′(Rn) there exist N ∈ N0 and C > 0 such that

|〈f, ϕ〉| ≤ C‖〈x〉2N〈Dx〉2Nϕ‖2, ϕ ∈ S(Rn).

Conclude that 〈x〉−2N〈Dx〉−2Nf ∈ L2(Rn). Hint: Use the Riesz representa-
tion theorem.

Ex. 4: Prove that for every f ∈ S ′(Rn) there exists a sequence (fk)k ⊂
C∞0 (Rn) such that limk→∞ fk = f in S ′(Rn).

Jean-Claude Cuenin
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