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Ex. 1 [Structural stability]: Consider two self-adjoint operators H,V on
the Hilbert space H, such that V ∈ L(H) and exp(−H) is trace-class. Let τ tV
, t ∈ R, be the automorphism of the observable algebra A = L(H) defined
by

τ tV (A) = eit(H+V )Ae−it(H+V ).

Let ωβ,V , β ∈ (0,∞) be the Gibbs state associated with H + V .
The goal of this exercise is to derive a rigorous expansion of ωβ,V with

respect to V ,

ωβ,V (A) = ωβ,0(A) +
∞∑
n=1

νn(A), β‖V ‖ < ln 2, (1)

using the interaction picture propagator

UV (t) = eit(H+V )e−itH .

1. Prove that exp(−β(H + V )) is a trace-class operator so that ωβ,V is
well-defined

Solution: Let (ψk)k∈N be an ONB of H. By the Golden-Thompson
inequality (applied to operators on the finite-dimensional Hilbert space
span{ψ1, . . . , ψN}), we have

N∑
k=1

〈ψk, e−β(H+V )ψk〉 ≤
N∑
k=1

〈ψk, e−βHe−βV ψk〉

for any N ∈ N. Since e−βH ∈ J1(H) and e−βV ∈ L(H), it follows that
e−βHe−βV ∈ J1(H). Hence, letting N →∞, we get

0 ≤ Tr(e−β(H+V )) ≤ Tr(e−βHe−βV ) <∞.

Since e−β(H+V ) ≥ 0, it is in J1(H).

1



Mathematisches Institut
der Universität München

SoSe 2017 Mathematical Statistical Physics

Prof. Dr. S. Bachmann
Prof. Dr. B. Paredes

13.06.2017

2. Check the following basic relations:

eit(H+V ) = UV (t)eitH ;

τ tV (A) = UV (t)τ t0(A)UV (t)−1;

UV (t)−1 = UV (t)∗ = τ t0(UV (−t));
UV (t+ s) = UV (s)τ s0 (UV (t));

U̇V (t) = iUV (t)τ t0(V ), UV (0) = 1.

Solution: Straightforward computation.

3. Use the fact that Dyson’s expansion

UV (t) = 1 +
∞∑
k=1

(it)k
∫

0≤s1≤...≤sk≤1

τ ts1(V ) · · · τ tsk(V ) ds1 · · · dsk (2)

is uniformly convergent on compact sets of C to show that

ωβ,V (A) =
ωβ,0(AUV (iβ))

ωβ,0(UV (iβ))
. (3)

Solution: We assume that V is analytic for τt (otherwise it is not clear
how UV (iβ) is defined). Then the uniform convergence of the series (2)
on compact sets implies that UV (·) has an analytic continuation to C.
A straightforward calculation gives

ωβ,V (A) =
Tr(e−β(H+V )A)

Tr(e−β(H+V ))
=

Tr(UV (iβ)e−βHA)

Tr(UV (iβ)e−βH)
=
ωβ,0(AUV (iβ))

ωβ,0(UV (iβ))
.

We used cyclicity of the trace and the fact that the normalizing factors
cancel in the last identity.

4. Use Golden-Thomson’s inequality

Tr
(
eA+B

)
≤ Tr

(
eAeB

)
and Duhamel’s formula to show that for any α ∈ C,

|ωβ,0(UαV (iβ))− 1| ≤ e|αβ|‖V ‖ − 1. (4)

Solution: Without loss of generality we may assume Tr(e−βH) = 1.
Then

ωβ,0(UαV (iβ))− 1 = Tr((UV (iβ)− 1)e−βH).
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Using Duhamel’s formula, we have

(UV (iβ)− 1)e−βH = −
∫ β

0

e−s(H+V )V e(s−β)Hds,

so that

|Tr((UV (iβ)− 1)e−βH)| ≤
∫ β

0

|Tr(e−s(H+V )V e(s−β)H)|ds

≤ ‖V ‖
∫ β

0

‖e(s−β)H‖Tr(e−s(H+V ))ds

≤ ‖V ‖
∫ β

0

Tr(e−sHe−sV )ds

≤ ‖V ‖
∫ β

0

Tr(e−sH)es‖V ‖ds

≤ ‖V ‖
∫ β

0

es‖V ‖ds

= eβ‖V ‖ − 1

The same of course holds for αV .

5. Use (3) and (4) to prove that α 7→ ωβ,αV (A) is analytic at 0 with

ωβ,αV (A) =
∞∑
n=0

αnνn(A), |α| < log 2

β‖V ‖
. (5)

Solution: Analyticity of α 7→ UαV (iβ) follows from (2). Since by (4),

|ωβ,αV (UαV (iβ))| ≥ 1− |ωβ,αV (UαV (iβ))− 1| ≥ 1− (e|α|β‖V ‖ − 1),

the claim follows.

6. Use (2,3,5) to conclude that

ν0(A) = ωβ,0(A),

ν1(A) = −β
∫ 1

0

[
ωβ,0

(
Aτ iβs(V )

)
− ωβ,0(A)ωβ,0

(
τ iβs(V ))

)]
ds.

Solution: This follows from analyticity and a first order Taylor ex-
pansion.
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Ex. 2 [Absence of symmetry breaking in 1D]: Consider a one-dimensional
quantum spin chain. For each x ∈ Z, let Hx ' Cn for a fixed n > 2, and let
AZ be the usual quasi-local algebra built upon A{x} = L(Hx), namely:

AΛ = ⊗x∈ΛA{x}, Aloc =
⋃

Λ⊂Z:|Λ|<∞

AΛ, AZ = Aloc
‖·‖
.

Let (Λm)m∈N be the sequence Λm = [−m,m] ∩ Z. Consider:

• unitary elements Ux ∈ A{x} and the associated map

αΛ(A) := (⊗x∈ΛU
∗
x)A (⊗y∈ΛUy) , A ∈ AΛ;

• the local Hamiltonian HΛ ∈ AΛ, given by a two-body interaction

HΛ =
∑
x,y∈Λ

J(x, y)Φx,y ,

where Φx,y ∈ A{x}∪{y} and ‖Φx,y‖ 6 1; we shall assume that the asso-
ciated dynamics τ t exists on AZ.

1. Prove that there exists an automorphism α of AZ such that

lim
m→∞

αΛm(A) = α(A), A ∈ AZ.

Solution: Since Aloc is dense in AZ (by definition) it is sufficient to
prove the existence of the limit for A ∈ Aloc. Hence let A ∈ Aloc and
let ε > 0 be arbitrary. There exists Λ∗ such that A ∈ AΛ∗ . Thus, if m0

is so large that [−m0,m0] ⊃ Λ∗, it follows that

αΛm(A) = (⊗x∈Λ∗U∗x)A (⊗y∈Λ∗Uy) , m ≥ m0.

Hence the sequence becomes constant for large m and the limit trivially
exists.

2. Prove that if α(Φx,y) = Φx,y for all (x, y) ∈ Z×Z, then α is a symmetry
of the dynamics.

Solution:

3. Finally, assume that there exists C <∞ such that

sup
x∈Z

∑
y∈Z

|J(x, y)||x− y| = C.

Prove that if ω is a (τ, β)-KMS state for a β ∈ (0,∞), then ω ◦ α = ω.

Solution: 1. First, we note that for any Λ ∈ F(Z), the map αΛ is a
*-automorphism of AΛ. Indeed, for any A,B ∈ AΛ,
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(a) Clearly, αΛ(A+ λB) = αΛ(A) + λα(B)

(b) Since⊗x∈ΛUx is unitary, αΛ(AB) = (⊗x∈ΛUx)
∗A(⊗x∈ΛUx)(⊗x∈ΛUx)

∗B(⊗x∈ΛUx) =
αΛ(A)αΛ(B)

(c) Again by unitarity, we have that ‖αΛ(A)‖ = ‖A‖
(d) Finally, αΛ(A∗) = αΛ(A)∗

In particular, αΛ is a bounded linear map on the dense subalgebra Aloc

with bound 1. Hence, it extends to a bounded linear map with the
same bound on AZ = Aloc. In particular, if A ∈ AΛ, there is m0 such
that ∀m ≥ m0, Λm ⊃ Λ so that αΛm(A) = αΛ(A) = α(A) whenever
m ≥ m0 and hence the convergence.

Points 2 and 4 above follow by density. We consider 4, point 2 follows
similarly. For any A ∈ AZ, there is a sequence An ∈ Aloc and Λ(n) ∈
F(Z) such that An ∈ Λ(n) and An → A in the C* norm. We then have

α(A∗) = lim
n→∞

α(A∗n) = lim
n→∞

αΛ(n)(A∗n) = lim
n→∞

αΛ(n)(An)∗ = lim
n→∞

α(An)∗ = α(A)∗

where we used the continuity of A 7→ α(A) in the first and last equali-
ties.

2. We only need to check the conditions of the relevant theorem stated
in class. By the above, the unitaries Um = ⊗x∈ΛmUx ∈ AZ are such
that

lim
m→∞

‖α(A)− U∗mAUm‖ = 0, for all A ∈ AZ.

Now, for A ∈ AΛ, we have that δ(A) = i
∑

(x,y)∈Z×Z:
{x,y}∩Λ6=∅

J(x, y)[Φx,y, A],

and since ‖Φx,y‖ ≤ 1,

‖δ(A)‖ ≤ 2‖A‖|Λ| sup
x∈Z

∑
y∈Z

|J(x, y)| <∞

so that Aloc ⊂ D(δ). In particular, Um ∈ AΛm ⊂ D(δ).

Since α(Φx,y) = Φx,y, we have that [Φx,y, Um] = (Φx,y−UmΦx,yU
∗
m)Um =

0 if x, y ∈ Λm so that

‖δ(Um)‖ ≤
∑

(x,y)∈Z×Z:
x∈Λm,y∈Λc

m

|J(x, y)|‖[Φx,y, Um]‖ ≤ 2
∑

(x,y)∈Z×Z:
x∈Λm,y∈Λc

m

|J(x, y)|

where we used ‖Um‖ = 1. Reorganizing the sum, we obtain

‖δ(Um)‖ ≤ 2
∑
d≥2

∑
(x,y)∈Z×Z:

x∈Λm,y∈Λc
m,|x−y|=d

|J(x, y)|
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and it remains to note that there are exactly 2 ·min {(d− 1),m} ≤ 2d
terms in the second sum to get the bound

‖δ(Um)‖ ≤ 4
∑
d≥2

(d−1) sup
(x,y):|x−y|=d

|J(x, y)| ≤ 4·sup
x∈Z

∑
y∈Z

|J(x, y)||x−y| = 4C

Since this bound is uniform in m, the theorem ensures that for any
(τ t, β)-KMS state, ω ◦ α = ω.
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