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Ex. 1: Let (A, τt) be a C∗-dynamical system and let δ be its generator. For
any A ∈ A, m ∈ N, let

Am :=

√
m

π

∫
R
τt(A) exp(−mt2)dt.

Prove that

(a) Am is analytic for τt, i.e. the map t 7→ τt(A) has an analytic continuation
to C;

(c) The ∗-subalgebra {Am : A ∈ A,m ∈ N} is dense in A.

Ex. 2: Let Ω ⊂ Rd be a bounded domain and let −∆D
Ω be the Dirichlet

Laplacian on Ω. Then Weyl’s law says that

lim
λ→∞

N(λ)

λd/2
=

ωd
(4π)d/2

|Ω|. (1)

Here N(λ) = #{j ∈ N : Ej ≤ λ} is the counting function, 0 < E0 ≤ E1 ≤
E2 ≤ . . . are the eigenvalues of −∆D

Ω and ωd is the volume of the unit ball
in Rd. The purpose of this exercise is to prove the upper bound in (1). For
simplicity we assume that ∂Ω is smooth. This implies, in particular, that the
eigenfunctions ej of −∆D

Ω are in C∞(Ω) and ej = 0 on ∂Ω.

(a) For ψ ∈ L2(Ω) and t > 0 let

et∆
D
Ωψ =

∞∑
j=1

e−tEj〈ej, ψ〉ej.

be the heat semigroup generated by the Dirichlet Laplacian and denote
its kernel by k̃t(x, y). You can use the fact that

0 ≤ k̃t(x, y) ≤ k0
t (x, y), x, y ∈ Ω,
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where k0
t (x, y) is the Gaussian kernel

k0
t (x, y) = (4πt)−d/2e−|x−y|

2/(4t).

Prove that

|ej(x)| ≤ cE
d/4
j

for some constant c independent of j.

(b) Prove that ∫
Ω

kt(x, x) =
∞∑
j=1

e−Ejt

Hint: You may freely use Mercer’s theorem: If a nonnegative, bounded
selfadjoint operator A on L2(ω) has continuous integral kernel a(·, ·),
then Tr(A) =

∫
Ω
a(x, x)dx.

(c) Prove that Weyl’s law (1) is equivalent to

lim
t→0

td/2
∫

Ω

kt(x, x)dx =
|Ω|

(4π)d/2
.

Hint: You may freely use Karamata’s Tauberian theorem: Let (Ej)j∈N
be a sequence of positive numbers such that the series

∑
j∈N e−Ejt con-

verges for every t > 0. Then for r > 0 and a ∈ R the following are
equivalent.

(i) limt→0 t
r
∑

j∈N e−Ejt = a

(ii) limλ→∞ λ
−rN(λ) = a

Γ(r+1)

(d) Prove the upper bound in Weyl’s law (1).

Ex. 3: Consider a bounded domain Ω ⊂ Rd and let ΩL = LΩ for any L > 0.
Let −∆L be the Dirichlet Laplacian on ΩL

1. For β > 0 and µ < inf σ(−∆L),
define

ρL(µ, β) :=
1

|ΩL|
Tr

exp(−β(−∆L − µ))

1− z exp(−β(−∆L − µ))
=
∞∑
j=1

ρ
(j)
L (µ, β),

where

ρ
(n)
L (µ, β) :=

1

|ΩL|
exp(−β(L−2Ejµ))

1− z exp(−β(L−2Ej − µ))
.

1You may use that the lowest eigenvalue of −∆L is nondegenerate and strictly positive.
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(a) Let ρ > 0 and β > 0 be fixed. Prove that the equation ρ = ρL(µL, β)
has a unique solution µL ∈ (−∞, inf σ(−∆L)).

(b) Prove that

lim
L→∞

ρ
(j)
L (µL, β) = 0, j > 1.

(c) Prove that

∞∑
j=2

ρ
(j)
L (µL, β) ≤ C <∞

where the constant C is independent of ρ (recall that in class it was
claimed that C = ρc(β)), and thus

lim
L→∞

ρ
(j)
L (µL, β) > 0, j = 1

if ρ > C.
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