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Ex. 1: The Fermi sea. Let 0 < β <∞, µ ∈ R, and let ωβ,µ be the thermal
equilibrium state over CAR(L2(Rd)). Prove that

ωβ,µ ⇀
∗ ω∞,µ

as β →∞, where

ω∞,µ(a∗(φ1) · · · a∗(φn)a(ψm) · · · a(ψ1)) = δn,mdetD(Φ,Ψ),

and

D(Φ,Ψ)i,j =
1

(2π)d/2

∫
|ξ|≤µ

ψ̂i(ξ)φ̂j(ξ)dξ.

Note: Argue carefully that the convergence on the monomials above implies
by density the convergence on any element of the algebra.

Ex. 2: Araki-Wyss representation. Let ρ ∈ B(H) be such that 0 ≤ ρ =
ρ∗ ≤ 1, and let ωρ be the state on CAR(H) be defined by

ωρ(a
∗(φ1) · · · a∗(φn)a(ψm) · · · a(ψ1)) = δn,mdet

(
(〈ψi, ρφj〉)ni,j=1

)
.

Prove that the triple (Hρ, πρ,Ωρ) given by Hρ = Fa(H)⊗Fa(H), Ωρ = Ω⊗Ω
and

πρ(a(φ)) = a(
√

1− ρ φ)⊗ 1 + exp(iπN )⊗ a∗(√ρφ)

is the GNS triple for ωρ, namely:

(i) πρ is a representation of CAR(H)

(ii) ωρ(A) = 〈Ωρ, πρ(A)Ωρ〉 for all A ∈ CAR(H).
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Ex. 3: Rate of convergence to TDL. Let

ρL(β, z) := L−d
∑
n∈N

ωLβ,µ(a∗(φn)a(φn))

be the density of the Gibbs state on CAR(HL) associated with the Dirichlet
Laplacian on HL = L2([−L/2, L/2]d), where (φn)n∈N is an orthonormal basis
of HL. Let

ρ(β, z) =
1

(2π)d/2

∫
Rd

z exp(−β|ξ|2)
1 + z exp(−β|ξ|2)

dξ

be the corresponding density in the thermodynamic limit. Prove that

0 ≤ ρ(β, z)− ρL(β, z)

ρ(β, z)
≤ Cz

β1/2

L
.

Note: For helium at room temperature, this relative error is of order 10−7

for L as small as 1cm.

Ex. 4: Schrödinger representation. Let πS : CCR(C) → L(L2(R)) be
defined by

W (z) 7−→ πS(W (z)) = e
i
2
stU(s)V (t), z = s+ it, s, t ∈ R,

where
(U(s)ψ)(x) := eisxψ(x), (V (t)ψ)(x) := ψ(x+ t)

are strongly continuous one-parameter unitary groups on L2(R).

(i) Prove that πS is a representation of CCR(C)

(ii) Prove that the representation is regular, namely R 3 α 7→ πS(W (αz))
is strongly continuous for all z ∈ C

(iii) Let Φ, resp. Π, be the generator of R 3 s 7→ πS(W (s)), resp. R 3 t 7→
πS(W (it)). If

aS := 2−1/2(Φ + iΠ), a∗S := 2−1/2(Φ− iΠ))

prove that
aSa

∗
Sψ − a∗SaSψ = ψ

for any ψ ∈ S(R).
Hint: What are Φ,Π?

(iv) Prove that the representation is topologically irreducible, namely {0}
and H are the only closed subspaces of H that are invariant under
{πS(W (z)) : z ∈ C}
Hint: Argue by contradiction with a proper invariant subspace H1 and
show that if φ ⊥ H1, then φ = 0
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