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Exercise 1: Consider a C∗ algebra A with unit element I, and define the
spectrum of an element a ∈ A by

σ(a) := {λ ∈ C : (λI − a) has no inverse in A}.

The spectral radius of a is defined as

r(a) := sup{|λ| : λ ∈ σ(a)}.

(i) Prove that1

r(a) = lim
n→∞

‖an‖1/n ≤ ‖a‖,

In particular, the above limit always exists and σ(A) is non-empty.
Hint: To prove r(A) ≤ lim infn ‖an‖1/n, study the series λ−1

∑
n(a/λ)n. To

prove r(a) ≥ lim supn ‖an‖1/n, determine the radius of convergence of this
series.

(ii) Assume that a is normal, i.e. aa∗ = a∗a. Prove that r(a) = ‖a‖.

(iii) Prove that the norm which turns a ∗-algebra into a C∗-algebra, when it
exists, is unique.

(iv) Let τ : A → B be a ∗-algebra morphism, i.e. a linear map such that
τ(A∗B) = τ(A)∗τ(B) for all A,B ∈ A. Show that ‖τ(A)‖ ≤ ‖A‖ for all
A ∈ A. Hint: Prove this first for selfadjoint elements and use the C∗ pro-
perty.

Exercise 2: Consider the set Matn,n of n×n complex complex matrices with
its usual vector space structure. This becomes an associative algebra with

1For this exercise you may use that that the map ρ(a) 3 λ 7→ (a − λ)−1 ∈ A is
holomorphic and ignore all difficulties related to the fact that it takes values in a Banach
space other than C.
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the standard matrix multiplication. Banach spaces A := (Matn,n, ‖ · ‖op),
B := (Matn,n, ‖ · ‖HS) are obtained by choosing the norms

‖A‖op := sup{‖Ax‖ : x ∈ Cn, ‖x‖1}, ‖x‖ :=

(
n∑

j=1

x2j

)1/2

,

‖A‖HS := (trA∗A)1/2.

Does the involution defind byA∗ = adjoint of A renderA,B into C∗-algebras?

Exercise 3: Let X be a noncompact, locally compact Hausdorff space and
consider the set Cb(X) of bounded continuous functions f : X → C with
pointwise addition and multiplication and equipped with the norm

‖f‖ := sup
x∈X
|f(x)|.

Is Cb(X) with this structure a C∗-algebra?

Exercise 4: Let A be an associative algebra and define a new product by

a ◦ b :=
1

2
(ab+ ba).

Prove that (A, ◦) is associative if and only if

[A, [A,A]] = {0}.


