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Exercise 1: Let A = A∗ ∈ BL(H) and 0 6= ψ ∈ H, and define the corre-
sponding spectral measure µψ := 〈ψ,1•(A)ψ〉. Prove that ψ ∈ Hac(A) if and
only if µψ = µψ,ac (i.e. µψ is absolutely continuous with respect to Lebesgue
measure).

Exercise 2: Let A = A∗ and a, b ∈ R with a < b. Show that the following
are equivalent:

(i) (a, b) ⊂ ρ(A),

(ii) ‖2Aψ − (a+ b)ψ‖ ≥ (b− a)‖ψ‖ for all ψ ∈ D(A),

(iii) (A− bI)(A− aI) ≥ 0.

Exercise 3: Let H = H∗, f ∈ H and ω ∈ R. Consider the initial-value
problem

i∂tu+Hu = −feiωt, u(0) = 0 (1)

for u ∈ C1(R;H). Define the energy E(t) := ‖u(t)‖2.

(a) Show that (1) has a unique solution u ∈ C1(R;H) given by

u(t) = (eiωt − eiHt)(ω −H)−1f.

(b) Suppose that ω ∈ ρ(H). Show that E(·) is bounded.

(c) Suppose that Hf = ωf . Show that E(t) = t2.

(d) Suppose that ω ∈ σac(H) and that f ∈ Hac has a density that is conti-
nuous at ω. Show that there exists c > 0 such that limt→∞E(t)/t = c.

Exercise 4: Let H = −∆, D(H) = H2,2(Rd).

(a) Determine the spectral measure 1•(H).

(b) Prove that σ(H) = σess(H) = σac(H) = [0,∞).


