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Exercise 1: (a) Suppose A : H → H is a bounded operator. Show that AA∗

and A∗A are self-adjoint and that

σ(AA∗) ∪ {0} = σ(A∗A) ∪ {0}. (1)

(b) Suppose that A : H ⊃ D(A) → H is densely defined and define an
operator Q : H⊕H ⊃ D(Q)→ H⊕H by

Q :=

(
0 A∗

A 0

)
, D(Q) := D(A)⊕D(A∗).

Prove that Q is self-adjoint if and only if A is closed.

(c) Suppose that A : H ⊃ D(A) → H is densely defined and closed. Prove
that AA∗ and A∗A are self-adjoint. (Hint: You may use without proof that
if Q is self-adjoint, then Q2 is self-adjoint.1)

Exercise 2: Suppose A is closed and B bounded.

(a) Show that if ‖B‖ < 1, then I +B has a bounded inverse.

(b) Suppose that A has a bounded inverse. Show that if ‖B‖ < ‖A−1‖−1,
then A+B has a bounded inverse.

Exercise 3: Let P be the momentum operator for a partcle on the real axis,
i.e.

P = −i
d

dx
, D(B) = H1,2(R).

Let f : R→ C be a Borel-measurable function and define f(P ) : Df → L2(R)
by

f(P )ψ = F−1(fψ̂), Df = {ψ ∈ L2(R) : fψ̂ ∈ L2(R)}.
1This follows from the spectral theorem.
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Prove the following:

(a) The map f 7→ f(P ) is a ∗-homomorphism between the algebra of boun-
ded measurable functions and the algebra of bounded linear operators on
H = L2(R) (denoted by BL(H) in the following).

(b) The map

B(R)→ BL(H)

f 7→ 1B(P )

is a spectral measure. Here B(R) denotes the Borel sets.

(c) Did = H1,2(R) and id(P ) = P .

(d) For ψ ∈ L2(R), ‖ψ‖ = 1,

µψ := 〈ψ,1•(P )ψ〉

defines a probability measure on R, and for ψ ∈ Df it holds that

‖f(P )ψ‖2 =

∫
R

dµψ(p)|f(p)|2.


