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Problem Sheet 2

Hand-in deadline: 02.11.2017 before 12:00 in the designated MQM box (1st
floor, next to the library).

Exercise 1: (a) Let A be a closed, densely defined (linear!) operator. Prove
that

o(A")={z:z2€0(4)}
and that for every z € p(A) = C\ o(A) one has
((A=2)7) = (4 —2)"
(b) Prove that if A is densely defined, then A* is closed.

(c) Let A be symmetric. Prove that for all ¢ € D(A) and for all z € C\ R,
one has

I(A = 2)¢| = [Tmz] [[]].

Under the assumption that A is self-adjoint, deduce an upper bound for the

norm of the resolvent operator (A — 2)~1.

Exercise 2: Let A be a symmetric positive definite real d x d matrix and
let b € R%. Define

f(z) = e mAstbr g c RY,

Show that the Fourier transform f(k) = (27)~%/2 Jra € " f(2) da is given by

~ 1 L (htib)- (A= (ot
) = — & o (kb (AT (kb))
Fk) 24/2v/det A
Exercise 3: Prove that Fy = P, where
. d 1,2
P = —i D(P)=H""(R),
. d oo
PO = _1@7 D(PO) = Cc (R)

LAll operators will be assumed to be linear.
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Exercise 4: Definition: Let A be a self-adjoint operator on a Hilbert
space H. We say that A\ € C is an approximate eigenvalue of A if there
exists a sequence (1),eny C D(A) such that ||[¢,]| =1 and ||(A — A),|| — 0
as n — oo. We call such a sequence a Weyl sequence (or singular sequence)
for A and A.

(a) Prove that if A € C is an approximate eigenvalue of A, then \ € o(A).
(b) The converse is also true (you don’t need to prove this). As an example,

let A = —A be the Laplacian on R? with domain H*?(R?). Construct a
Weyl sequence for each A > 0.



