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Exercise 1: (a) Let A be a closed, densely defined (linear1) operator. Prove
that

σ(A∗) = {z : z ∈ σ(A)}

and that for every z ∈ ρ(A) = C \ σ(A) one has(
(A− z)−1

)∗
= (A∗ − z)−1.

(b) Prove that if A is densely defined, then A∗ is closed.

(c) Let A be symmetric. Prove that for all ψ ∈ D(A) and for all z ∈ C \ R,
one has

‖(A− z)ψ‖ ≥ |Imz| ‖ψ‖.

Under the assumption that A is self-adjoint, deduce an upper bound for the
norm of the resolvent operator (A− z)−1.

Exercise 2: Let A be a symmetric positive definite real d × d matrix and
let b ∈ Rd. Define

f(x) := e−x·Ax+b·x, x ∈ Rd.

Show that the Fourier transform f̂(k) = (2π)−d/2
∫
Rd e−ik·xf(x) dx is given by

f̂(k) =
1

2d/2
√

detA
e−

1
4
(k+ib)·(A−1(k+ib)).

Exercise 3: Prove that P ∗0 = P , where

P = −i
d

dx
, D(P ) = H1,2(R),

P0 = −i
d

dx
, D(P0) = C∞c (R).

1All operators will be assumed to be linear.
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Exercise 4: Definition: Let A be a self-adjoint operator on a Hilbert
space H. We say that λ ∈ C is an approximate eigenvalue of A if there
exists a sequence (ψ)n∈N ⊂ D(A) such that ‖ψn‖ = 1 and ‖(A− λ)ψn‖ → 0
as n→∞. We call such a sequence a Weyl sequence (or singular sequence)
for A and λ.

(a) Prove that if λ ∈ C is an approximate eigenvalue of A, then λ ∈ σ(A).

(b) The converse is also true (you don’t need to prove this). As an example,
let A = −∆ be the Laplacian on Rd with domain H2,2(Rd). Construct a
Weyl sequence for each λ > 0.


