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Ex. 1: For ψ ∈
∧N L2(Rd) with ‖ψ‖ = 1, we define its reduced k-particle

density matrix by

γ
(k)
ψ (x1, . . . xk; y1, . . . yk) :=

(
N
k

)
∫
Rd(N−k)

ψ(x1, . . . xk, zk+1, . . . , zN)ψ(y1, . . . yk, zk+1, . . . , zN)dzk+1 · · · dzN .

Let γ
(k)
ψ be the integral operator on L2(Rdk) with kernel γ

(k)
ψ (x1, . . . xk; y1, . . . yk),

and let Let ρ
(k)
ψ (x) be the corresponding density.

(i) Show that ρ
(1)
ψ ∈ L1(Rd) with ‖ρ(1)ψ ‖1 = N .

(ii) Assume that ψ is a Slater determinant, ψ = 1√
N !
f1 ∧ · · · ∧ fN , where

{fi}Ni=1 is an orthonormal set in L2(Rd). Show that

γ
(1)
ψ (x; y) =

N∑
i=1

fi(x)fi(y),

ρ
(2)
ψ = ρ

(1)
ψ (x1)ρ

(1)
ψ (x2)− |γ(1)ψ (x1;x2)|2.

(iii) Let H =
∑N

i=1(−∆xi +V (xi)) +
∑

1≤i<j≤N W (xi, xj) acting on L2(RdN),
with V,W bounded and with W (x, y) = W (y, x). Show that, for any ψ ∈
H2(Rd) ∩

∧NL2(Rd),

〈ψ,Hψ〉 = tr((−∆ + V )γ
(1)
ψ ) + tr(Wγ

(2)
ψ ).

Ex. 2: (i) Let h be a separable Hilbert space and let A : h → h be a
bounded operator. A is called a Hilbert-Schmidt operator if there exists an
orthonormal basis {φn}n∈N such that

‖A‖2S2 :=
∑
n∈N

‖Aφn‖2 <∞.
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Prove that this definition is independent of the choice of the orthonormal
basis {φn}n∈N. Moreover, prove that ‖A‖S2 ≥ ‖A‖.

(ii) Let A : L2(Rd)→ L2(Rd) be the integral operator

(Aψ)(x) =

∫
Rd

kA(x, y)ψ(y)dy, ψ ∈ L2(Rd),

with kernel kA ∈ L2(Rd × Rd). Prove that A is a Hilbert-Schmidt operator
with ‖A‖S2 = ‖kA‖L2(Rd)×L2(Rd).

(iii) Let e > 0, and let Ke :=
√
V−(−∆ + e)−1

√
V− be the Birman-Schwinger

operator on L2(R3). Show that Ke is an integral operator and determine its
kernel. (Hint: You may use the fact that the inverse Fourier transform of

(| · |2 + e)−1 is given by e−
√
e|·|

4π|·| ).

(iv) Assume that V− ∈ L2(R3). Prove that Ke is a Hilbert-Schmidt operator
and

‖Ke‖ ≤ Ce−1/4‖V−‖2.

Ex. 3: Let γ be a finite rank projection and let A be a bounded operator
on some Hilbert space. Prove that the Riesz projection Pε corresponding to
γε := γ + εA, ε > 0, satisfies

Pε :=
1

2πi

∮
|z−1|= 1

2

(z − γε)−1dz = γ + ε(γAγ⊥ + γ⊥Aγ) + ε2R

for ε sufficiently small. Here, R is some bounded operator.


