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Mathematical Quantum Mechanics

Problem Sheet 7

Hand-in deadline: 12/08/2016 before noon in the designated MQM box (1st
floor, next to the library).

For this sheet you may use the following fact.

Min-maz principles: Consider the Schrodinger operator H = —A+V defined
on the dense domain D(H) = C2(R?), and let £(v)) = (+, H1) for ¢ € D(H).
Here we assume that V € L2 (R?) and that the negative part V_ = min{V, 0}
satisfies V_ € L¥?*1(R?). Define the eigenvalues of H in the following way:
Ey = inf{€(W) : v € D(H), ||v| = 1}. If the infimum is attained for
some g € D(H), we go on to define £y = inf{€(¥) : v € D(H), ||¢|| =
1, (,7) = 0} and so on. Let J be the first integer for which the infimum
is not attained. Then we define F, = E; for k > J.! Define the maz-min

values Ay and the min-mazx values uy by
Ay = ) m%X min{&(¢) : [|¢]| =1, (¢, ¢x) =0 for all k =0,...,¢n_1},
0
py = min max{&(¢): [|¢] =1, ¢ € span(¢o, ..., dn)},

(ORRER) N

where the maximum in the first and the minimum in the second expression
are taken over all orthonormal functions ¢y, ...,¢y € C?*(R?). Then the
following hold.

(l) If N < J, then Ay = Ey.
(ii) If N < J, then puy = E.

Exercise 1: Lieb-Thirring inequality: Let H be as above. The aim of this
exercise is to prove the following inequality on the sum of negative eigenvalues
of H, known as the Lieb-Thirring inequality,

o0

Do (By)- > ~Ca | Vo) (1)

j=0

ncidentally, the number E; is called the bottom of the essential spectrum of H.
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Proceed in the following way:

(i) Assume that
N

D (05, Hos) 2 ~Ca | V@) d @)

=0
holds for all finite orthonormal families {¢;}}_, in CZ(R?). Prove that (1)
follows.

(i) For ¢ € L2(Rd) and e > 0, define gb€+( ) = 1{& 1 |€]2 > e}o(€) and
qbe - = g/b; gb . Prove that

/ |p% T (2) |Pdade = / IVo|*da.
R4
(iii) Prove that for any orthonormal family {¢;}}_, in L?(R?) and for x € R?,
N 1/2 N 1/2 1/2
<Z |¢§’+($)|Q> > (Z |¢j($)|2> - (Z |¢§’_(I)l2>
j=0 J=0 Jj=0 4

(iv) Prove that for any orthonormal family {¢;}} in CZ(R?) and for z € RY,

Z |95 ( < (2m) Ykge??,

where k4 is the surface measure on S%1.

(v) Conclude from (ii)-(iv) that

(d+2)/d
(27r)2d2/4; 2/d
/'Wﬂ = d+ ) dd+4/ Z|¢J d.

Exercise 2: Let (f;), be orthonormal functions such that f; € H'(R?) for

1<i<N.Lety=fin---A fy, and py(x) = 71%)( x,x). Show that there
exists K4 > 0 such that

T() > K, / polw) i

where T'(¢) = >°._, f V., 1|2 (Hint: Consider the ‘potential’ U(z) = cpy(z)
and use the Lieb-Thirring inequality).



