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Mathematical Quantum Mechanics

Problem Sheet 6

Hand-in deadline: 12/01/2016 before noon in the designated MQM box (1st
floor, next to the library).

Exercise 1: Find a potential of the form c|z|~*, x # 0, ¢ # 0, a > 0, that
obeys the neutral atomic Thomas-Fermi equation

—Aprp = —4m(prr/7)Y>. (1)

Exercise 2: Consider the unique minimizer prr of the atomic Thomas-Fermi
functional. It satisfies the Thomas-Fermi equation

’YPTF(95)2/3 = prr(T) 1= |xi| - (PTF * ’—1|) (). (2)

(a) Define pry 7z := Z%prr(Z2'/3-) and @rr 7z = ZY3p1p(Z"/3:). Show that
WTF,Z@)Q/3 = prF 2(T).

Moreover, let
37 oz _ 2 1 / / p(@)p(y)
& AR =7 B3 _ = d — dxd
w0 2) = [ (Dotwrs - Do) aos g [[ 5O M aray
and let Erp(Z) be the minimum of the functional. Show that Erp(Z) =
Z"B Erp(1).

(b) Since @rr is radially symmetric, we can write ¢rp in (2) as @rr(x) =
o(|x|). Show that n(r) := r¢(r), r > 0, solves the following ODE (also called
Thomas-Fermi equation),

3/2
"o Yy
Yy = ij

where ( := 4 /32,

(¢) Infer from (b) that ¢rp z(x) < min{Z|z|™*,144/(¢?|x|*)} by comparing
n with the Sommerfeld solution &(r) := 144/(¢%*r?).



MATHEMATISCHES INSTITUT Pror. H. SIEDENTOP
LMU MUNCHEN Dr. R. HELLING
WS 2016-17 Dr. J.-C. CUENIN

Mathematical Quantum Mechanics

Exercise 3: The energy functional for K atomic nuclei with positions R =
(Ry € R®)E| and charges Z = (Z;, > 0)K_| is given by

3
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We denote the minimum of this functional by Fx(R;Z) and the correspond-
ing minimizer by pk(z; R; Z).

(a) Prove that
lim EK(Rla .. ,RK, Zl: ey ZK)
Zx—0
=FEx a(Ri,....,Rx-1;Z1,..., Zk_1).

(b) Prove that

O Z
oz, ®2) = lim (ox(z:R:Z) - 7= Rk|)

provided Z > 0. Here

pr(y; R; Z)
Z TNg 7
oK (z;R; le—Rk / P dy

is the Thomas—Fermi potential.



