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Exercise 1:

1. Let Ω = Rd \ {0}. Let V ∈ L1
loc(Ω) and assume that there is a positive

radial function ω ∈ C2(Ω) satisfying −∆ω+V ω ≥ 0 in Ω. In addition,
assume the following (technical) conditions:

• limε→0
ω′(ε)
ω(ε)

εd−1 = 0.

• r 7→
(
ω′(r)
ω(r)

)2
rd−1 is integrable at the origin.

Prove that∫
Rd

(|∇φ|2 + V |φ|2)dx ≥
∫
Rd

|∇(ω−1φ)|2ω2dx for all φ ∈ C1
c (Rd).

2. Let d > 3. Use the first part of the exercise to prove that∫
Rd

∣∣∇φ(x)
∣∣2dx ≥ (d− 2

2

)2 ∫
Rd

∣∣φ(x)
∣∣2

|x|2
dx for all φ ∈ C1

c (Rd).

This is Hardy’s inequality (quantum mechanical uncertainty principle).

3. Let d ≥ 2. Use the first part of the exercise to prove that

d− 1

2

∫
Rd

∣∣φ(x)
∣∣2

|x|
dx ≤

(∫
Rd

|∇φ|2dx
)1/2(∫

Rd

|φ|2dx
)1/2

for all φ ∈ C1
c (Rd). Hint: Choose ω(x) = exp(−α|x|) for some α > 0.

Exercise 2:

1. Prove that

c

∫
R3

1

|x|
ψ(x)dx =

∫
R3

1

|k|2
ψ̂(k)dk,∫

R3

1

|x|2
ψ(x)dx = c

∫
R3

1

|k|
ψ̂(k)dk

for some constant c > 0 and for all ψ ∈ S(R3). Compute c.
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2. Prove that ∫
R3

|ψ|2

|x|
dx ≤ C〈ψ, |p|ψ〉 for all ψ ∈ S(Rd)

for some constant C > 0. This inequality with the sharp constant is
sometimes called Kato’s inequality. Here, the operator |p| is defined as

F (|p|ψ) (k) := |k|ψ̂(k)

for ψ ∈ S(R3). (Remark: The sharp constant is C = π/2.)

Jean-Claude Cuenin


