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Ex. 1: Consider the the Hamiltonian H = /1 + |p|2 — 1 — Z/|z| on L*(R?),
defined in the quadratic form sense for 0 < Z < 2/m. Prove that

Oess(H) = [0,00) for Z < 2/m.

Ex. 2: Let V be a locally bounded positive function with V(x) — oo as
|z| = 0.

a) Prove that —A 4V, defined as a sum of quadratic forms, is self-adjoint.
b) Prove that —A + V has purely discrete spectrum.
Ex. 3: Let Hy be a nonnegative selfadjoint operator in a Hilbert space b,

and let V' be bounded and symmetric. Define H = Hy + V and let E < 0.
Prove that the following are equivalent:

i) E€o(H);
ii) —1€a((Hy—E)"?V(Hy— E)"'/?);
iii) —1 € o(sgn(V)V/2(Ho — B)~HV|'/?).

Can you generalize the statements i) <= i) or i) <= iii) to certain
unbounded potentials?



