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Ex. 1: Let

G(x, y) :=
1

4π

1

|x− y|
,

and for f ∈ C∞c (R3), let

Φf (x) := (G ∗ f)(x) =
1

4π

∫
R

f(y)

|x− y|
.

(i) Show that ∆xG(x, y) = 0 if x 6= y.

(ii) Prove that Φf ∈ C∞(R3).

(iii) Prove that f = Φ−∆f and conclude that Φf is a solution of

−∆u(x) = f(x), x ∈ R3.

(iv) Prove that

lim
|x|→∞

Φf (x)
(∫

R3 f(y)dy

4π|x|

)−1

= 1

(v) Reciprocally, let u ∈ H2(R3) be a solution of −∆u(x) = f(x). Prove
that u(x) = Φf (x) almost everywhere (Hint: Consider 〈ϕ, u〉 for an arbitrary
ϕ ∈ C∞c (R3) and use the Fourier transform with Ex. 4, Sheet 5)

Ex. 2: Recall the definition of the Sobolev space Hα(Rd) (where d is a
positive integer and α > 0):

Hα(Rd) :=

{
f ∈ L2(Rd) : ‖f‖2

Hα :=

∫
Rd

(1 + |k|2)α|f̂(k)|2 dk <∞
}
.

Assume that α > d
2

+ l for some non-negative integer l. Prove that Hα(Rd) ⊂
C l(Rd).

Ex. 3: Let f0, f1, . . ., with fi ∈ H1(R3), 〈fi, fj〉L2(R3) = δij, be the eigen-
functions of −∆ + V for the negative eigenvalues −e0 ≤ −e1 ≤ . . .. This is
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understood in the weak sense: For any ϕ ∈ C∞c (R3),∫
R3

[(−∆ + V (x))ϕ(x)]fi(x)dx = −ei
∫
R3

ϕ(x)fi(x)dx.

Prove that ∫
R3

[
∇fi(x)∇fj(x) + V (x)fi(x)fj(x)

]
dx = −eiδij.

(Hint: Use the density of C∞c (R3) in H1(R3))

Ex. 4: Consider the energy functional E(ψ),

E(ψ) :=

∫
R

(
|ψ′(x)|2 + 9x4(x2 + 2)|ψ(x)|2

)
dx, ψ ∈ S(R),

and let E0 := infψ∈S(R),‖ψ‖2=1 E(ψ).

(i) Prove that E(ψ) ≥ 3‖ψ‖2
2 for all ψ ∈ S(R).

(ii) Prove that E0 = 3 and that there exists a unique minimizer (up to a
global phase) ψ0, i.e. E0 = E(ψ0).

Jean-Claude Cuenin
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