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Ex. 1: (i) Let ¢ € HY?(R%), with d > 2, and let

T(w) = (0 Il = [ G0

be the relativistic kinetic energy. By considering the scaling ¢y (z) := ¥ (\x)
for an arbitrary v € S(R?) and X > 0, show that ¢ = 2d is the only possible
value for which the following inequality may hold:

(W, [plv) > Call¥ I3 (1)

Remark: If ¢ € H'/?(R?) and vanishes at infinity, then ¢ € L¢(R?) and (1)
indeed holds, a fact you may use in the following.

(i) Let V' € LYRY), and V(¢) = [oa V( x)|*dx. Show that for ||V |4
small enough,

Trel(w) + V(w) Z 0.
(iii) The operator on L?*(R?) defined by

(e 1P) (2) o= (1) (x)

is bounded (why?) and is given by an integral kernel: ( tlp'@/}) fRd
Compute k(x,y) for d = 3.

(iv) Prove that

ML) [ )=,

Tal¥) = = @ve gl
in the case d = 3 (Hint: Use the fact that |p| = lim,_,o (1 — exp(—t[p])))-

Ex. 2: (i) Let H be a separable Hilbert space and let A : H — H be a
bounded operator. A is called a Hilbert-Schmidt operator if there exists an
orthonormal basis { ¢, }nen such that

1Al =D [ A¢nll® < oo.

neN

»(y)dy.
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Prove that this definition is independent of the choice of the orthonormal
basis {¢,, fnen. Moreover, prove that ||Allus > [|A]l.

(ii) Let A : L*(RY) — L*(R?) be the integral operator

(A0) = [ kalepo)dy. v e L)
R

with kernel k4 € L*(R? x R?). Prove that A is a Hilbert-Schmidt operator
with [|Allus = [|kallL2(re)x 2 (®a)-

(iii) Let e > 0, and let K, := /V_(—A +¢)~'y/V_ be the Birman-Schwinger
operator on L?(R3). Show that K, is an integral operator and determine its

kernel. (Hint: You may use the fact that the inverse Fourier transform of
ef\/él-l)

4|

(] -]+ e)~! is given by

(iv) Assume that V_ € L?(R?). Prove that K, is a Hilbert-Schmidt operator
and

1Kl < Ce VL] |2.

Ex. 3: (i) Let (f;);Z, be orthonormal functions such that f; € H'(R?) for

1<i<N.Lety=fin---A fy, and py(x) = I(ﬂl)(x,a:). Show that there
exists Ky > 0 such that

1) 2 K [ pole)* i

where T'(¢)) = ZZ]L [ IV (Hint: Consider the ‘potential’ U(x) = cpw(a:)%
and use the Lieb-Thirring inequality).

(ii) Consider the Laplacian in the box Ay := [—~L/2,L/2]® with periodic
boundary conditions. Let 1 be its eigenvectors and ¢, its eigenvalues for k €
Z3. The corresponding fermionic N-body Hamiltonian H := Zfil(—Am)
acts on AV L2(Az). Let ¢ := A,_, ¥x be its ground state and py(z) its
associated density. Show that the (kinetic) energy can be written as a density

functional, namely that there is a function F' : R — R such that

N,L—o0
N/L3=:p constant

lim Eﬁ(@mﬂww—[;Fu%@»m)::O
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Remarks.

ad 1(ii). This could of course be extended to prove stability of the first kind
for any V € LYR?) + L>*°(RY). The Coulomb singularity is borderline in
d = 3 in this case: |-|7' ¢ Lj (R?), while | - |7t € L} ¢(R®) for any € > 0.
This is related to the fact that relativistic matter is stable only if Za is small
enough.

ad 3(ii). This is the heuristic motivation for the Thomas-Fermi model that
assumes that over regions small with respect to the typical scale of the poten-
tial, the electrons are essentially free and a local version of the above holds.
The Lieb-Thirring inequality provides a proof of this fact, at least as a lower

bound valid for any N, see 3(i).

Jean-Claude Cuenin



