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floor, next to the library).

Ex. 1: Let H be a complex Hilbert space. Recall that for a bounded self-
adjoint operator A : H — H we write A > 0 if (¢, Ay) > 0 for every ¢ € H.
Similarly, we write A < B for two self-adjoint operators A,B : H — H
whenever B — A > 0.

(i) Assume that A > I (I being the identity on ). Prove that A is invertible
and that 0 < A~1 < [.

(i) Assume that 0 < A < B. Show that for any A > 0, the operators A + \I
and B + AI are invertible and that (B + AI)™! < (A + A\I)™!

(iii) Assume that 0 < A < B. Show that VA < v/B. You may use the
representation
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where the integral is understood in the sense of Riemann integrals for operator-
valued functions.

(iv) Assume that 0 < A < B. Show that in general this does neither imply
A% < B% nor AB > 0. (Hint: You might want to try the simplest possible
counterexaples where A, B are 2 X 2 matrices.)

Ex. 2: (i) Let k € L?(R? x R?). Prove that
()= [ Meguldy v e PR, )

defines a bounded operator A : L2(R?) — L*(R?) with ||A]| < [|k]| 2rixra)-

(ii) Let k : RT x R? — C be a measurable function such that the functions k;
and ky defined by ki (x) := [p. |[k(z,y)|dy and ky(y) == [pa |k(z,y)| dz both
belong to L>(RY). Show that (1) defines a bounded operator on LZ(Rd) with
JAN < il ey Il 2
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Ex. 3: For ¢ € A"V L2(R?®) with ||[¢)|| = 1, we define its reduced k-particle
density matriz by
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Let 71(;) be the integral operator on L*(R?) with kernel 71(;)(37, y), see Ex. 2.
(i) Let py(x) := ’yg)(a:,a:). Show that p, € L'(R?) with ||pyl1 = N.
(ii) Prove that 0 < (cp,fyq(;)@ < {p, ) for all p € L*(R?).

(iii) Assume that 1 is a Slater determinant, ) = fi A--- A fy, where {fi},
is an orthonormal set in L?(R3). Show that

1 @y) =3 S0 fily).

(iv) Let H = SN (—A,,) + Y i<icjen V(@i  x;) acting on L*(R*). Show
that, for any ¢» € D(H) N A"~ L2(R?),

(0, H) = Tr((= 817 0) + 5 Tr(VA2),

where Tr(A) := [ k(z,z)dz for an integral operator A with kernel k(z, y).

Ex. 4: [Virial theorem] Consider the Schrédinger operator H = —A + V
in d dimensions. Assume that U_,VU, = e 'V for all t € R, where U(t) :
L*(R?) — L2(RY) is defined by (Uph)(z) := e '/?i(e ).

(i) Prove that {U(t)}+er is a strongly continuous unitary group.

(ii) Let ¢ € L2(RY), ||¢]| = 1. Assume that Ay € L*(R?), Vi € L*(R?) and
Hvy = Ev (in L?) for some E € R. Prove that

1
and therefore £ < 0. (Hint: Compute the commutator of H and U;.)
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