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Ex. 1: Let H be a complex Hilbert space. Recall that for a bounded self-
adjoint operator A : H → H we write A ≥ 0 if 〈ψ,Aψ〉 ≥ 0 for every ψ ∈ H.
Similarly, we write A ≤ B for two self-adjoint operators A,B : H → H
whenever B − A ≥ 0.

(i) Assume that A ≥ I (I being the identity on H). Prove that A is invertible
and that 0 ≤ A−1 ≤ I.

(ii) Assume that 0 ≤ A ≤ B. Show that for any λ > 0, the operators A+ λI
and B + λI are invertible and that (B + λI)−1 ≤ (A+ λI)−1.

(iii) Assume that 0 ≤ A ≤ B. Show that
√
A ≤

√
B. You may use the

representation

√
A =

∫ ∞
0

dλ√
λ

(
I − λ(A+ λI)−1

)
where the integral is understood in the sense of Riemann integrals for operator-
valued functions.

(iv) Assume that 0 ≤ A ≤ B. Show that in general this does neither imply
A2 ≤ B2 nor AB ≥ 0. (Hint: You might want to try the simplest possible
counterexaples where A,B are 2× 2 matrices.)

Ex. 2: (i) Let k ∈ L2(Rd × Rd). Prove that

(Aψ)(x) :=

∫
Rd

k(x, y)ψ(y) dy, ψ ∈ L2(Rd), (1)

defines a bounded operator A : L2(Rd)→ L2(Rd) with ‖A‖ ≤ ‖k‖L2(Rd×Rd).

(ii) Let k : Rd×Rd → C be a measurable function such that the functions k1
and k2 defined by k1(x) :=

∫
Rd |k(x, y)| dy and k2(y) :=

∫
Rd |k(x, y)| dx both

belong to L∞(Rd). Show that (1) defines a bounded operator on L2(Rd) with

‖A‖ ≤ ‖k1‖1/2L∞(Rd)
‖k2‖1/2L∞(Rd)

.
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Ex. 3: For ψ ∈
∧N L2(R3) with ‖ψ‖ = 1, we define its reduced k-particle

density matrix by

γ
(k)
ψ (x1, . . . xk, y1, . . . yk) :=

N !

(N − k)!
×∫

R6(N−k)

ψ(x1, . . . xk, zk+1, . . . , zN)ψ(y1, . . . yk, zk+1, . . . , zN)dzk+1 · · · dzN

Let γ
(1)
ψ be the integral operator on L2(R3) with kernel γ

(1)
ψ (x, y), see Ex. 2.

(i) Let ρψ(x) := γ
(1)
ψ (x, x). Show that ρψ ∈ L1(R3) with ‖ρψ‖1 = N .

(ii) Prove that 0 ≤ 〈ϕ, γ(1)ψ ϕ〉 ≤ 〈ϕ, ϕ〉 for all ϕ ∈ L2(R3).

(iii) Assume that ψ is a Slater determinant, ψ = f1 ∧ · · · ∧ fN , where {fi}Ni=1

is an orthonormal set in L2(R3). Show that

γ
(1)
ψ (x, y) =

N∑
i=1

fi(x)fi(y).

(iv) Let H =
∑N

i=1(−∆xi) +
∑

1≤i<j≤N V (xi, xj) acting on L2(R3N). Show

that, for any ψ ∈ D(H) ∩
∧NL2(R3),

〈ψ,Hψ〉 = Tr((−∆)γ
(1)
ψ ) +

1

2
Tr(V γ

(2)
ψ ),

where Tr(A) :=
∫
k(x, x)dx for an integral operator A with kernel k(x, y).

Ex. 4: [Virial theorem] Consider the Schrödinger operator H = −∆ + V
in d dimensions. Assume that U−tV Ut = e−tV for all t ∈ R, where U(t) :
L2(Rd)→ L2(Rd) is defined by (Utψ)(x) := e−td/2ψ(e−tx).

(i) Prove that {U(t)}t∈R is a strongly continuous unitary group.

(ii) Let ψ ∈ L2(Rd), ‖ψ‖ = 1. Assume that ∆ψ ∈ L2(Rd), V ψ ∈ L2(Rd) and
Hψ = Eψ (in L2) for some E ∈ R. Prove that

E = −〈ψ, (−∆)ψ〉 =
1

2
〈ψ, V ψ〉

and therefore E ≤ 0. (Hint: Compute the commutator of H and Ut.)

Jean-Claude Cuenin
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