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Ex. 1: Let A be a symmetric positive definite real d × d matrix and let
b ∈ Rd. Define

f(x) := e−x·Ax+b·x, x ∈ Rd.

Show that the Fourier transform f̂(k) = (2π)−d/2
∫
Rd e−ik·xf(x) dx is given by

f̂(k) =
1

2d/2
√

detA
e−

1
4

(k+ib)·(A−1(k+ib)).

Ex. 2: Recall that for any ψ ∈ L2(Rd) and t > 0,

(eit∆ψ)(x) = lim
ε→0

1

(4π(it+ ε))d/2

∫
Rd

e−
|x−y|2
4(it+ε)ψ(y)dy,

where the limit is taken in L2(Rd).

Assume now that ψ ∈ L1(Rd) ∩ L2(Rd).
(i) Prove that

(eit∆)ψ(x) =
1

(4πit)d/2

∫
Rd

ei
|x−y|2

4t ψ(y)dy

almost everywhere in Rd.

(ii) Show that ∥∥∥∥∥eit∆ψ − ei|·|2/4t

(2it)d/2
ψ̂
( ·

2t

)∥∥∥∥∥
L2(Rd)

|t|→∞−→ 0

(iii) Assuming further that | · |2ψ ∈ L2(Rd), show that there exits C > 0 such
that ∥∥∥∥∥eit∆ψ − ei|·|2/4t

(2it)d/2
ψ̂
( ·

2t

)∥∥∥∥∥
L2(Rd)

≤ C

|t|
.
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(iv) Assuming that ψ ∈ S(Rd), show by an explicit computation using the
right hand side above1 that ϕ(t, x) := (eit∆ψ)(x) is a solution of the partial
differential equation

i∂tϕ(t, x) = −∆xϕ(t, x)

in C∞((Rt \ {0})× Rd
x).

Ex. 3: (i) Consider the evolution eit∆ under the free propagator (see Ex. 2).
Prove that for ψ ∈ L1(Rd) ∩ L2(Rd),

‖eit∆ψ‖2 = ‖ψ‖2 and ‖eit∆ψ‖∞ ≤
1

(4πt)d/2
‖ψ‖1 for all t > 0.

(ii) Deduce from (i) that ψ ∈ L1(Rd) ∩ L2(Rd) implies that eit∆ψ ∈ Lq(Rd)
for all t > 0 and q ∈ [2,∞], with

‖eit∆ψ‖q ≤
1

(4πt)d( 1
2
− 1
q

)
‖ψ‖1−2/q

1 ‖ψ‖2/q
2 .

Hint : Use Hölder’s inequality to prove that if ψ ∈ Lp0(Rd)∩Lp1(Rd) for some
p0, p1 with 1 ≤ p0 < p1 ≤ ∞, then ψ ∈ Lp(Rd) for all p ∈ [p0, p1] and

‖ψ‖p ≤ ‖ψ‖

1
p−

1
p1

1
p0
− 1
p1

p0 ‖ψ‖

1
p0
− 1
p

1
p0
− 1
p1

p1 .

(iii) Use the Riesz-Thorin interpolation theorem (see last page) and the esti-
mates in (i) to prove that for every t > 0, the propagator eit∆ extends uniquely
to a bounded linear operator Lp(Rd) → Lq(Rd), p ∈ [1, 2], 1/p + 1/q = 1,
with

‖eit∆ψ‖q ≤
1

(4πt)d( 1
2
− 1
q

)
‖ψ‖p.

Ex. 4: Prove that

c3

∫
R3

1

|x|
ψ(x) dx =

∫
R3

1

|k|2
ψ̂(k) dk,∫

R3

1

|x|2
ψ(x) dx = c3

∫
R3

1

|k|
ψ̂(k) dk

for some constant c3 > 0 and for all ψ ∈ S(R3). Compute c3.

1Do not use Stone’s theorem; prove this here by means of elementary analysis.
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THE RIESZ-THORIN THEOREM. Let p0, p1, q0, q1 ∈ [1,∞] and
let θ ∈ (0, 1). Define p, q ∈ [1,∞] by

1

p
=

1− θ
p0

+
θ

p1

,
1

q
=

1− θ
q0

+
θ

q1

.

Assume that T is a linear operator2 with

T : Lp0 → Lq0 , ‖T‖Lp0→Lq0 = M0,

T : Lp1 → Lq1 , ‖T‖Lp1→Lq1 = M1.

Then T extends uniquely to a bounded operator from Lp to Lq, and

‖T‖Lp→Lq ≤M1−θ
0 M θ

1 .

Jean-Claude Cuenin

2We fix a pair of measure spaces (X,µ) and (Y, ν). These measure spaces are suppressed
in our notation. More precisely, Lpi ≡ Lpi(X,µ) and Lqi ≡ Lqi(Y, ν), i = 0, 1.
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