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Hand-in deadline: 27.10.2015 before 12:00 in the designated MQM box (1st
floor, next to the library).

Ex. 1: Let d > 3, and assume that V = Vi + V; where Vi € L¥?(R%) and
Vy € L*(R%). Consider the energy

BO) = [ (Vo@P + V@@ o, o e H(®Y,
(i) Prove that E(%) is finite. You may use (without proof) the Gagliardo-
Nirenberg-Sobolev inequality
IVl > Sall %, ¥ € HY(RY), (1)
where d > 3 and S; > 0.

(ii) Prove that there exists a constant A\ > 0 such that for all ¢ € H*(R9)
with ||¢||2 = 1, we have

E() = 5T®) = [[Vallee — A (2)
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2
Deduce a lower bound for Ej.

Hint: Prove (2) first for the case ||(V1)_||4/2 < € with € > 0 sufficiently
small. Then prove that for any given ¢ > 0 there exists A > 0 such
that ||[((Vi)- + A)_|lg2 < €. You may find the following version of
Chebyshev’s inequality useful,

{z e RY: |f(2)] > AH < A2 flly5  f € LY2(RY),

(iii) Prove that there exists C' > 0 such that for all v € H'(R?) with
[#]l2 = 1, we have

T(y) <2E(y) +C.

(iv) Assume that d = 3 and V(z) = —|z|~'. Use (i) to find a numerical
lower bound for Ey. The sharp constant in (1) is S5 = 3(472)?/3,
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Ex. 2: (i) Let b: H x H — C be a bounded sesquilinear form such that

b, 0)| < Cllelllll]
Prove that there exists a unique bounded linear operator B such that
b(v, ) = (¥, Bp) and | B[ <C.

(ii) Let H = L*([0,1]) and

b1, @) :/01 (/Ormdt) (/Ozgo(t)dt> dz.

Prove that b is bounded and determine the corresponding operator B.

Ex. 3: Let T : H D D — H be a bounded linear operator that is densely
defined (if. D = H). Prove that T extends uniquely to a bounded linear

operator T : H — H and that | T = ||T|.

Ex. 4: Let f: R? — C be a measurable function. Define the multiplication
operator

My D(My) — L*(RY),  (Mgy)(x) = f(a)p(2),
where
D(My) == {¥ € L*[R?) : fy € L*(R")}.
Prove the following;:
(i) M:= M.

(ii) M; is bounded if and only if f € L>®(R?).

Jean-Claude Cuenin



