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Hand-in deadline: 19.01.2016 before 12:00 in the designated MQM box (1st
floor, next to the library).

Ex. 1: Consider the bipartite system Hg ® Hp, with dimHg < oo. Let
A = A* resp. B = B*, be self-adjoint operators on Hg, resp. Hg. Their
spectral decomposition shall be denoted

A=>"a;P,, B= /)\dP()\),

where a; # a, whenever j # k, and Py, is the orthogonal projector on the
eigenvector ¢; € Hg. The Hamiltonian of the system is given by H = A® B,
and its initial state is p ® [1) (1|, for an arbitrary normalized ¢ € Hp. Let

p(t) := Try, (7 (p @ Py)e™)

and let dvy(N) := d(y, P(A\)Y) be the spectral measure associated with the
initial state of the environment . (i) Compute p;x(t) := (¢;, p(t)¢r), and
show that p;;(t) = p;;(0) for all j.

(ii) Prove the following: If v, is an absolutely continuous measure (i.e.
dvg(N) = f(N)dA for a measurable function f € L'(R)), then pjr(t) — 0
as t — oo for all j # k.

(Hint: Riemann-Lebesgue’s lemma)

(iii) Assume now that
vy = avyy + (1 — a)vac

where 0 < a < 1, vy, is a Dirac measure at Ay (see Problem sheet 4) and
vac is an absolutely continuous measure. Show that |p;x(t)] = o as t — oo
for all 7 # k.

(iv) Application: A spin coupled to a particle on the line.
Let Hg = C*, Hp = L*(R) and A = (¢/2)0*, B = x where g > 0, i.c.

_9(x O
H_2(0 —{L‘)

and let the initial state of the particle be a Lorentzian

v 1
=4\/— > 0.
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Prove that

= (7o 19,

pote 97" 1 — poo

Ex. 2: Consider a C* algebra A with unit element I, and define the spectrum

of an element a € A by
o(a) :={X € C: (Al — a) has no inverse in A}.
The spectral radius of a is defined as
() = sup{|\| - A € o(a)}.
(i) Prove that

r(a) = lim [la"["" < la].

In particular, the above limit always exists and o(A) is non-empty.

(Hint: To prove r(A) < liminf, ||a™||'/", study the series A7 Y~ (a/A)". To
prove r(a) > limsup, ||a™||*/", determine the radius of convergence of this
series.)

(ii) Assume that a is normal, i.e. aa® = a*a. Prove that r(a) = ||a]|.

Ex. 3: Classify all C*-algebras A such that A C Mat(2 x 2,C).

Remark: With a bit of more work one can classify all matrix C*-algebras in
the same spirit and find them to be unitarily equivalent to block-diagonal
matrices where each block is a full matrix algebra. In addition one can
show that in fact all finite-dimensional C*-algebras are unitarily equivalent
to matrix algebras.
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