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Ex. 1: (i) Let φ ∈ C∞(Rd) be a real-valued phase function, let a ∈ C∞c (Rd),
and define

I(λ) :=

∫
Rd

e−iπλφ(x)a(x) dx, λ > 0.

Let p ∈ Rd, and assume ∇φ(p) 6= 0. Prove: If a is supported in a small
neighborhood of p, then for any k ∈ N and N > 0,∣∣∣∣ dkI(λ)

dλk

∣∣∣∣ ≤ Ck,Nλ
−N

(ii) Assume that ∇φ(p) = 0 and that Hφ(p) (the Hessian of φ) is non-
degenerate. Prove: If a is supported in a small neighborhood of p, then for
any k ∈ N, ∣∣∣∣ dk

dλk
(eiπλφ(p)I(λ))

∣∣∣∣ ≤ Ckλ
− d

2
−k.

Hint: Use the stationary phase formula:

I(λ) = e−iπλφ(p)e−iπ
σ
4 2

d
2 (detHφ(p))−

1
2λ−

d
2

(
a(p) +

N∑
j=1

λ−jDja(p) +O(λ−(N+1))

)
.

Here, σ is the signature of Hφ(p), and Dj are certain differential operators of
order ≤ 2j with smooth coefficients.

(iii) Let Sd−1 be the unit sphere in Rd, and let σ be the induced Lebesgue
measure on Sd−1. Define the Fourier transform of this measure by

σ̂(k) :=

∫
Sd−1

e−2πik·x dσ(x), k ∈ Rd.

Prove that |σ̂(k)| ≤ C(1 + |k|)− d−1
2 .
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(iv) (optional!) Let χB(0,1) be the characteristic function of the unit ball

B(0, 1) ⊂ Rd. Prove that |χ̂B(0,1)| ≤ C(1 + |k|)− d+1
2 .

Remark: (iv) can be used to prove the following result on the distribution of
lattice points in Rd: |B(0, λ) ∩ Zd| = |B(0, 1)|λd +O(λd−2+2/(d+1)).

Ex. 2: Let φ ∈ C∞(Rd×Rd) be real-valued, a ∈ C∞(Rd×Rd), and consider
the operator Tλ : L2(Rd)→ L2(Rd) given by

(Tλf)(x) :=

∫
Rd

e−iπλφ(x,y)a(x, y)f(y) dy.

Moreover, assume that the ’mixed Hessian’ (∂2φ/∂xi∂yj) is non-degenerate
on the support of a.

(i) Show that T ∗λTλ is an integral operator, and compute its kernel Kλ(x, y).
Prove that |Kλ(x, y)| ≤ CN(1 + λ|x− y|)−N for any N > 0.

(ii) Prove that ‖Tλ‖L2(Rd)→L2(Rd) ≤ Cλ−
d
2 .

Hint: Apply Schur’s test (Sheet 6, Ex. 2 (i)) to T ∗λTλ.

(iii) By a scaling argument, prove that (ii) implies the boundedness of the
Fourier transform on L2(Rd). (Hence, (ii) may be viewed as a variable coef-
ficient version of Plancherel’s theorem.)

(iv) In the same vein, prove that (ii) implies the Hausdorff-Young inequality:

For 1 ≤ p ≤ 2, there exists Cp > 0 such that ‖f̂‖p′ ≤ Cp‖f‖p.
(Hint: Interpolate (Riesz-Thorin!) (ii) with the trivial estimate for p = 1).

Ex. 3: In the following, the Hilbert spaces HA, HB are assumed to be finite-
dimensional.

(i) Let ρA a density matrix in HA. Prove that there exists another Hilbert
space HB (what is its minimal dimension?) and a unit vector ψ ∈ HA ⊗HB

such that

ρ = trB |ψ〉〈ψ|.
(ii) Prove that for any matrix a in HA and for any density matrix ρ in
HA ⊗HB, we have

tr(ρ(a⊗ id)) = trA(a(trB ρ)).

(iii) Let ρ be a density matrix in HA⊗HB. Assume that the reduced density
trB ρ is pure, i.e. trB ρ = |ψ〉〈ψ| for some unit vector ψ ∈ HA. Prove that
there exists a density matrix σ in HB such that

ρ = |ψ〉〈ψ| ⊗ σ.

Jean-Claude Cuenin
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