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v

{0,1}* the set of finite binary sequences
u,v,w e {0,1}*

|u| the length of u

un the restriction of u to the first n elements
u * v the concatenation of v and v

ie{0,1}

«, B infinite binary sequences



B C{0,1}*is
» detachable if Vu(u € BV u ¢ B)
> a bar if Ya3n(an € B)
> a uniform bar if INVa 3n < N (an € B)

FAN every detachable bar is a uniform bar

neither provable nor falsifiable in Bishop's constructive
mathematics



Lemma (Julian, Richman 1984)

The following are equivalent:

» FAN
» £:[0,1] = RT u/c = inff >0

Lemma (B., Svindland 2016)
f:[0,1] - R* u/c + convex = inff >0

Is there a corresponding extra condition on bars such that FAN
becomes constructively valid?



u<v:e jul=|viATdi<|ul(i=ViNu=0Av;=1)

u<v:&s u=vVu<v.

AC{0,1}is

» convex if
u<v<w AueA ANweA = veA

» co-convex if {0,1}*\ A is convex



Proposition. Every detachable co-convex bar is a uniform bar.

Fix a detachable co-convex bar B. We can assume that B is closed
under extension:

ueB=ux0eBAux1€B

u is secure if
dnVw € {0,1}" (u*x w € B)



Claim 1. For every u, either u =0 is secure or ux 1 is secure.
There exists a function
F:{0,1}* — {0,1}

such that
Vu (u* F(u) is secure).



Define « by
ap=1— F(an).

Claim 2. VnVu € {0,1}" (u # @n = u is secure)

There exists n such that @n is secure. Therefore, every u of length

n is secure. Therefore, B is a uniform bar.
[ |



Proof of Claim 1. For
B:=1+x0x0%x0x...

there exists a positive / with 3/ € B. Set m=1/—1. By
co-convexity of B, we either have

{V\VSBI}QB or {V\BISV}QB.

In the first case,
OxweB

for every w of length m, which implies that 0 is secure. In the
second case,
lxweB

for every w of length m, which implies that 1 is secure.
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