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Abstract

In constructive mathematics, Baire Category Theorem has at least
the following two forms:

A. For a sequence {U,,}°°, of dense open sets in a complete
metric space X,

U= () Un

neN

is as well as dense in X.

B. For a sequence {V;,}>°, of nowhere dense closed sets in a
complete metric space X,

v=|JW

neN

is as well as nowhere dense in X.

A is constructively provable. We will show that there exist nowhere
differentiable continuous functions densely in C]0, 1], using A.



N, Z and Q

» For natural number N, we allow to use induction.

» By induction, we can prove that, for each n,m € N

n=mY mn=m,;

n <mV -n <m (equivalently, n < mVm < n).

> Integers Z and rationals Q can be coded by natural numbers.
Therefore we also have, for each p,q € Q

p=qVp=gq;
p < qV-(p<q) (equivalently, p < ¢V ¢ < p).



R and functions on R

» A sequence x = (p,,), of rationals are regular if
VYmn(|pm — pn| <27 +27")

» A regular sequence z of rationals is real (z € R).
For x = (pn)n, Tn = pn-

» The equality =g is the following equivalence relation:
def _
(Pn)n =R ()0 & Vn(|pn — aa| < 27"7%)
The following are well-defined.

(SU +r y)n = T2n+1 =+ Yon+1 |$|n = |xn|
max{x, y}n = max{a:n, yn} min{:E, y}n = min{xn, yn}

( R Y)n = Tokn+1 * Y2kn+1, Where k = max{|z|o + 2, |y|o + 2}



Order <y

Let x and y be reals.

Order <gr

> x is positive if In(x, > 27"1?).
» z is negative if In(z, < —27"12).

> © <p vy if y —gr « is positive.

Some properties of <gr

» =R NYy=RyY ANr<ry— 2 <rY
> Yo,y € RVn(zy < Yn V Tn =Yn V Yn < Tp).

» But we cannot prove Vz,y € R(zx <p y Ve =r y Vy <r )
constructively (LPO).



Order <gp

Let  and y be reals

Order <r

» © <g y if x —r y is not positive.

Some properties of <gr

»r=r2'Ay=ry ANz <py—a <ry
» Vz,y € R(z <r y VR y <R ) cannot be proved
constructively (LLPO).

» Vz,y € R(z <gr y VR = <R y) cannot be proved
constructively (WLPO).

» But Vz,y € R(—x <gr y — y <r ) can be proved
constructively.

We omit R in =r, +r, — R, <R, <R.



How to make case divisions?
We can not use the following case division.

r<pryVr=ryVvVy<rrcz, T<RYVY<RZ

What kind of case division is available?



How to make case divisions?

We can not use the following case division.

r<pYyVer=ryVYy<RrZ, T<RYVY<RZT

What kind of case division is available?

Lemma

For any r <R s, we have the following:

>» <R SVr<mr<ze >» t <R SVr<r<z

R— 3 ~—1 1
T S

r S

>» t<prsVr<mrc >» t<rRsVr<gpz

Ri— 1 —
>

S r
For a <gr b, we use the following notations:

&

(a,b)={reR:a<px<r b} [a,b|={rceR:a<pz<prb}



Uniformly continuous function

» A uniformly continuous function f : [0, 1] — R consists of
p:QxN — Qand v: N — N with the following properties:

(f(P)n = w(p,n) €R
Vn e NVp,q € Q(lp—ql <27 = |f(p) — f(@)) <27).

For each z € [0,1], f(x) € R is given by
(f(z))n = p(min{max{z, ), 0}, 1},n + 1),

where u(n) =v(n+1) + 1.



Derivative and differentiability

» f:R — R is differentiable at xg if, for some a € R,

Vk:EIlVa:(|x—xo|<1l—> flo) = flzo) _, g;k)

2 T — Zg




Complete metric space

> A set X is metric space if there is p: X x X — R>¢ s.t.
» plz,y) =0iffz =y,
> p(z,y) = py, x);
> plz,y) < plz,2) +p(z,y).
» For a metric space X, a sequence (z,,), from X is regular if

Vmn(p(m, xn) <277 +277).

The metric completion X of X consists of all regular
sequences of X.

» The equality = is the following equivalence relation:

def _
(Tn)n =% Wn)n LN Vn(|e, — yn| < 2 "+2)

» A metric space Y is a complete metric space if Yy =Y.



Some examples

» R is a complete metric space with p(z,y) = |z — y|.
» Let C[0, 1] be the set of all uniformly continuous
f:[0,1] — R. Then C|0, 1] is a complete metric space with
p(f;9) = sup{[f(z) = g(2)| : = € [0, 1]}.
» We need uniformity to show the existence of
sup{|f(z) — g(z)| : = € [0, 1]}.
» To prove that continuous f : [0,1] — R is uniformly
continuous, we need some non-constructive principle (FAN)



Topological notions

Open & closed sets
For a complete metric space X,
» U C X is open if, for each © € U, there is ¢ > 0 s.t.
B(z,e)={ye X :p(x,y) <e} CU.
» V C X is closed if © € X satisfying that, for each ¢ > 0,
there is y € B(z,e) NV is itself in V.

Dense & nowhere dense
» For Y C X, theset Y = {z:Ve > 03y € Y(y € B(x,¢))} is
the closure of Y.
» Y C Xisdenseisif Y = X.
» For Y C X, theset Y ={x:3e>0€Y(B(z,e) CY)}is
the interior of Y.
» Y C X is nowhere dense if (Y)° = 0.



Baire category theorem

There are several versions of Baire category theorem, which are
equivalent over classical logic:

A. For a sequence {U, }°°, of dense open sets in a complete
metric space X,

U= () Un

neN

is as well as dense in X.
B. For a sequence {V},}>2, of nowhere dense closed sets in a
complete metric space X,

v=|JW
neN

is as well as nowhere dense in X.

A is constructively provable (cf. [1]).



Theorem in classical mathematics

> Let C]0, 1] be the set of all continuous f : [0, 1] — R.

» Then ||f|| = sup{|f(z)|: « € [0,1]} is a norm on C[0, 1] and
d(f,g) =||f — gl| is a distance on C10, 1].

Classical theorem (Banach)

There are densely many functions in C[0, 1] which are nowhere
differentiable on [0, 1].



Sketch of the classical proof
1. Let Upp ={f € C0,1] : omn(f)}, where @, n(f) is

\<;A‘W >n>.

If f € C|0,1] is differentiable in some = € [0, 1], f ¢ Uy, for
some m,n.

Va3dy € [0,1] <0 <|ly—=
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Sketch of the classical proof
1. Let Upp ={f € C0,1] : omn(f)}, where @, n(f) is

\<;A‘W >n>.

If f € C|0,1] is differentiable in some = € [0, 1], f ¢ Uy, for
some m, n.
2. Uy is open in C[0,1].
» If Up, p is not open, then thereis f € Uy, , s.t.
for any k € N there is g, & Uy, with ||f — gi|] < 27%.

> limg o0 gk = f-
» By Bolzano-Weierstrass, there is = € [0,1] s.t.
1

Yy € [0,1] (0<|y—x|<m—>‘f(y)f(x) §n>.

3. Upn,p is dense.
» For any f € C[0,1] and € > 0, there is piecewise-linear

pe o] st. [|f—pll <e.
4. By Baire category theorem A, ﬂm’neN U n is dense.

Va3dy € [0,1] <0 <|ly—=

y—x



Constructivising the proof

> Let C]0, 1] be the set of all uniformly continuous
f:00,1] — R.

> ||f|| = sup{|f(z)|: x € [0,1]} is a norm on C[0, 1] and
d(f,g) =1|f — g|| is a distance on C[0, 1].

» We cannot prove Uy, , = {f € C[0,1] : ¢1n,.n(f)} is open for
the following ., »(f):

Vz3y € [0, 1] <0<|yx\<nlz/\‘f(y)_m‘>n>.

y—x

» We cannot prove by contradiction.
» We cannot prove Bolzano-Weierstrass constructively.



Constructivising the proof

> Let Upn = {f € C[0,1] : Grun(f)}, where Gpn(f) is

If = gll<e =

O<|t—z| <
Be>0%C0, 0|y 11mg e 0.1 ( - ‘\g(t | )

> If f € C[0,1] is differentiable at some z € [0,1], f ¢ U,y ., for
some m, n.

> Umm is open.
» For f € Um,n and £ > 0 witnessing f € Um’n,

e =¢e—||f — h|| > 0 witnesses h € U,, ., for h with
If =Rl <e.

» Uy is dense.

» For any f € C[0,1] and & > 0, we have to find g € U, , s.t.
If —gll <e.



Constructivising the proof

» p:[0,1] — R is piecewise-linear
if there is a division 0 = ap < a1 < ... < apy1 =1 of [0, 1] s.t.
p is linear on each [a;, a;y1].

» Let PL[0,1] be the set of all piecewise-linear f € CJ0,1].

Lemma 1 )
If p € PL|0,1] and [p/(z)| > n on all differentiable z, p € U, .

Proof.
Assume 0 = ap < a1 < ... < axy+1 = 1 and p is linear on each [a;, a;11].
For g € C[0,1] set

S (e AT

1
s =min({a;+1 —a; : 0 <i <k}U{—}), e =s/16s.
m

>n)).

Then we have, for each g s.t. ||f —g|| <¢,

g(t) —g()
t—x

1
Yz €[0,1] ——3t € [0,1] <0<]t—x\<m/\<’



Let ||g — p|| < e and 0, = min{|z —a;| : 0 < i < k+ 1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.



Let ||g — p|| < e and 0, = min{|z —a;| : 0 < i < k+ 1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.

Case 1. 0, < s'/2: Take a; s.t. |z —a;| < §'/2.

If a; < z, then p has the slope b on [z, 2 + %]

By |b| > n, we have b > n Vb < —n. If b > n, then

gz +5) —g(@)

z+% —x =
2

CIJ\‘[\)

P+ 5y — e — (o) +e)
(ot )

b 1 > s+ 8>
=b——e>s+n—->n.
s 4
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2

CIJ\‘[\)

P+ 5y — e — (o) +e)
(ot )

b 1 > s+ 8>
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s 4

> n when b < —n or x < a. Hence

Similarly, we have |9#=2)=9(®)
xr




Let ||g — p|| < e and 0, = min{|z —a;| : 0 < i < k+ 1}.
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If a; < z, then p has the slope b on [z, 2 + %]

By |b| > n, we have b > n Vb < —n. If b > n, then

gz +5) —g(@)

z+% —x =
2

CIJ\‘[\)

s/
(na+ 5 === 0+ 2))
4 s

’
‘W‘ > n when b < —n or x < a. Hence

902 5(5) .. g

t—x
1 t) —

—=(a; <z V x<a;) — ——3t€(0, 1] (O<|t —z|<— A ‘W’ >n> .
m -z

Similarly, we have

1
a; <z V x<a; — 3t€[0, 1] <0<yt —z|<— A ’
m




Let ||g — p|| < e and 0, = min{|z —a;| : 0 < i < k+ 1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.

Case 1. 0, < s'/2: Take a; s.t. |z —a;| < §'/2.

If a; < z, then p has the slope b on [z, 2 + %]

By |b| > n, we have b > n Vb < —n. If b > n, then

gz +5) —g(@)

z+% —x =
2

CIJ\‘[\)

s/
(na+ 5 === 0+ 2))
4 s

’
‘W‘ > n when b < —n or x < a. Hence

902 5(5) .. g

t—x
1 t) —

—=(a; <z V x<a;) — ——3t€(0, 1] (O<|t —z|<— A ‘W’ >n> .
m -z

Similarly, we have

1
a; <z V x<a; — 3t€[0, 1] <0<yt —z|<— A ’
m

By == (a;<z V z<a;), we have the right-hand side of —.



Let ||g — p|| < e and 6 = min{|z —a;| : 0 < i <k +1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.



Let ||g — p|| < e and 6 = min{|z —a;| : 0 < i <k +1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.

Case 2. §'/4 < §,: p has the slope b on [z — Szl,x—i— SZ,} By
|b| > n, we have b > n Vb < —n. If b > n, then

g(x ++‘Z/S? : g9() Zé, (p(a: + ‘Z) —e— (p(x) + 5))
x 1 xr S
2 (e + 5 -5t)) - 22)
=b— ;8

]
Zs—{—n—§>n.



Let ||g — p|| < e and 6 = min{|z —a;| : 0 < i <k +1}.
For each x € [0,1], we have 0, < §'/2V §'/4 < 0.

Case 2. §'/4 < §,: p has the slope b on [z — Szl,x—i— SZ,} By
|b| > n, we have b > n Vb < —n. If b > n, then

g(x+ %) —gx) _4 s’
> 2y o
1:'1-81,—:1: s p(a:—|—4) e = (@) +¢)
4 s
=7 (<p(l‘ + Z) —p(x)) - 25)
8
b= Je
>s4n—2>
>s+n—g>n
(z+3)—9(=)

Similarly, we have 2 < —n when b < —n.

a
x—i—z x



Constructivising the proof

Lemma 2
PL[0,1] is dense in C]0, 1].

Proof.
Let f € C[0,1] and € > 0. Take k € N s.t.

Ve, € 0,10 ] < 1 > 1) = )| < 2/3).
Let a; = i/k for 0 < i < k and define py : [0,1] N Q — R by
po(@) = k(f(ait1) — fai))(z — a;) + f(ai).

We can extend this py to p € PL[0,1] by defining p(z) = {p(z:)};2,
for x = {z;}5°,. Then there is a; s.t. | —a;] < % and

() — far)| < 2.

Since |f(x) — f(a;)| < /3, we have |p(z) — f(x)] < e. O



Constructivising the proof

Lemma 3
For each f € C[0,1], ¢ > 0 and n, there is p € PL[0, 1] s.t.
[|lf —pll <eand [p/(x)] > n for all differentiable .

Proof.
Let f € C[0,1]. By Lemma 2, there are k and p € PLI0, 1]
|f —pl| <e/2 and p is linear on each [%, &1,
Take M € N s.t. [p/(z)] < M for all differentiable = € [0, 1] and
I >2(M +n)/e. Thereis g(x) € PL[0,1] s.t. |g(z)] < 1 for all
[0,1] and ¢'(z) = £k for all differentiable = € [0, 1]. Let
€

g(x) =p(z) + iq(x).
Since ||f —p|| <e/2 and ||g — p|| < &/2, we have ||f —g|| < e.
For each differentiable = € [0, 1], we have

9@ = p(@) + 3¢@)| 2

v ()| — %k‘ = |1t/ (@)| — (M +n)| > n.

L]



Constructivising the proof

By Lemma 1, 2 and 3, U5, is dense in C[0, 1].

Theorem
There are densely many functions in C[0, 1] which are nowhere
differentiable on [0, 1].

Proof.

Since Uy, is dense open in C[0, 1],

Nimnen Umn is also dense in C[0, 1] by Baire category theorem A.
If f € C[m,n] is differentiable at some z, then f ¢ U, , for some
m,n. Therefore f € ﬂm neN Um,n is nowhere differentiable. ]



Some observations
» In classical proof, we used

Vz3dy € [0,1] <O<\y—x <;/\)‘W‘ >n>
Ungn = {f € C[O> 1] : Som,n(f)}

For each f € Uy, n, how to calculate € > 0 s.t.
B(f,e) € Umnn? What information of f is needed?
» It is easy for f € Uy, N PL[0,1].
» For general f € U, n, how to calculate the following values?

inf{sup{‘w —n:0<|y—z| < 1} :xe[O,l]}

inf {sup{|x —y|: 0<|y — x|< A ‘f)’ >n} : x€]0, 1]}
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