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The Hahn-Banach Theorem

Let X be a normed space and Y C X a linear subspace. Every
linear bounded functional f : Y — R admits a linear bounded
extension g : X — R such that ||f|| = ||g]|.




The Hahn-Banach Theorem ;"

Theorem

Let X be a normed space and Y C X a linear subspace. Every
linear bounded functional f : Y — R admits a linear bounded
extension g : X — R such that ||f|| = ||g]|.

Here [|f|[ := sup),| <1 |f(x)| denotes the usual operator norm.

We are interested in questions such as:

» How difficult is it to find some suitable g, given f, i.e., how
difficult is it to compute the map f — g7

> If we fix a computable f, how difficult can a suitable g be to
compute?

» How does all this depend on properties of the space X and
the subspace Y?
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Let f:CX=2Y, g:CZ = W be problems.
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g(x) C f(x) for all x € dom(f). We write g C f.




Weihrauch Reducibility X

Let f:CX=2Y, g:CZ = W be problems.

» g CX=2Y f:CX=2Y,if dom(f) C dom(g) and
g(x) C f(x) for all x € dom(f). We write g C f.

L




Weihrauch Reducibility ;"

Let f:CX=2Y, g:CZ = W be problems.

» g CX=2Y f:CX=2Y,if dom(f) C dom(g) and
g(x) C f(x) for all x € dom(f). We write g C f.

f'
X K g H f(x)
T
> fis to g, f <w g, if there are computable

H:CXxW=Y, K:CX = Z such that H(idx,gK) C f.



Weihrauch Reducibility X

Let f:CX=2Y, g:CZ = W be problems.

» g CX=2Y f:CX=2Y,if dom(f) C dom(g) and
g(x) C f(x) for all x € dom(f). We write g C f.

f'
X K g H f(x)
T
> fis to g, f <w g, if there are computable
H:CXxW=Y, K:CX = Z such that H(idx,gK) C f.
> fis to g, f <gw g, if there are

computable H:.C W = Y, K :C X = Z such that HgKk C f.



Weihrauch Reducibility ;"

Let f:CX=2Y, g:CZ = W be problems.

» g CX=2Y f:CX=2Y,if dom(f) C dom(g) and
g(x) C f(x) for all x € dom(f). We write g C f.

f'
X K g H f(x)
T
> fis to g, f <w g, if there are computable
H:CXxW=Y, K:CX = Z such that H(idx,gK) C f.
> fis to g, f <gw g, if there are

computable H:.C W = Y, K :C X = Z such that HgKk C f.

> f =w g and f =gw g are defined as usual.



Algebraic Operations in the Weihrauch Lattice

For f :C X = Y and g :C W = Z we define:

» FXg CXxW=YXxZ (x,w)— f(x)x g(w)
f(z)ifze X
glz)ifze W
» g CXxW=YUZ, (x,w)— f(x)Ug(w)
X =Y =2, f
FoxXNzm YN F=xo f

frg:=max{foogo: fo<wf,g0<wg}

> fug:gXI_IWZKYLIZ,zr—){
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Algebraic Operations in the Weihrauch Lattice

For f :C X = Y and g :C W = Z we define:

» FXg CXxW=YXxZ (x,w)— f(x)x g(w)
f(z)ifze X
g(z)ifze W
flg:.CXxW=YUZ, (x,w)— f(x)Ug(w)
X =Y =2, f
» FC XN = YN F=x2f
» fxg:=max{fhogy: o<wf,go<wg}

v

fUg:CXUW= YLIZ,Z+—>{

v

v

Theorem (B., Gherardi, Pauly)

> Weihrauch reducibility induces a lattice with the coproduct L
as supremum and the sum T as infimum.

» Parallelization ™ and star operation *

the Weihrauch lattice.

are closure operators in
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The Choice Problem

Definition
Cx :CA_(X) = X,A— Awith dom(Cx) :={A: A# 0} is
called the of a computable metric space X.

We consider the following restrictions of choice:
» UCx is Cx restricted to singletons
» CCyx is Cx restricted to connected sets

» XCx is Cx restricted to convex sets

Theorem (B. and Gherardi)

» Co=w LLPO,
> Con =gw C[o,l] =.w Co =sw WKL,
» XCpo,1; = CC 1) =sw IVT.



Choice in the Weihrauch Lattice

CNN
1
UCNN
4
lim =W CN =W LPO
{
CR =W CN X C2N

~
PCR =W CN X PCzN
WKL = G =w Co =y LLPO /
T~

WWKL =y PCyn

‘ BCT1=w Cy
—
i
Gy

ATRg
ACAq
WKLy

WWKLg
WKL}

WWKL}
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The Weihrauch Degree of the Hahn-Banach Theorem

HBT(X, Y, f) = {g € C(X,R) : g linear, g|y = f, [[g]| = ||f][}.
Theorem (Gherardi and Marcone 2009)
HBT =w WKL.
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HBT =w WKL.

Proof. (ldea.)

» “<w": There is a computable version of the Banach-Alaoglu
Theorem, that states that the unit ball in X* is compact with
respect to the weak™ topology (B. 2008).

» The set of solutions HBT(X, Y, f) of the extension problem
can be seen as a closed subset of this compact space.

» Hence finding an extension can be reduced to finding a point
in a compact set, which is known to be reducible to WKL.
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HBT(X7 Y7 f) = {g € C(X/R) -4 “near-/g‘y - f: HgH - HfH}
Theorem (Gherardi and Marcone 2009)
HBT =w WKL.

Proof. (ldea.)

» “<w": There is a computable version of the Banach-Alaoglu
Theorem, that states that the unit ball in X* is compact with
respect to the weak™ topology (B. 2008).

» The set of solutions HBT(X, Y, f) of the extension problem
can be seen as a closed subset of this compact space.

» Hence finding an extension can be reduced to finding a point
in a compact set, which is known to be reducible to WKL.

» “>w": the authors adapt a construction of Brown and
Simpson (1990) that reduces the separation problem
(equivalent to WKL) to HBT.

» This construction requires the construction of a Banach space
that depends on the instance of the problem. O




The Weihrauch Degree of the Hahn-Banach Theorem

HBT(X,Y,f) :={g € C(X,R) : g linear,g|y = f,||g|| = ||fl|}-
Theorem (Gherardi and Marcone 2009)
HBT =w WKL.

We immediately obtain the following non-uniform counter example.

Corollary (Metakides, Nerode and Shore 1985)

There exists a computable normed space X with a computably
separable closed linear subspace Y C X and a computable linear

f Y — R with computable norm ||f|| such that every computable
linear extension g : X — R of f has norm ||g|| > ||f]].

A set Y is called computably separable closed in X if there is a
computable sequence (xp)nen in X with Y = {x, : n € N}.



The Weihrauch Degree of the Hahn-Banach Theorem

HBT(X7 Y7 f) = {g € C(X/R) -4 “near-/g‘y - f: HgH - HfH}
Theorem (Gherardi and Marcone 2009)
HBT =w WKL.

We immediately obtain the following non-uniform positive result.

Corollary

Let X be a computable normed space X with a computably
separable closed linear subspace Y C X and a computable linear

f Y — R with computable norm ||f||. Then f has a low bounded
linear extension g : X — R with ||g|| = ||f]|.

That g : X — R is low means here that it is low as a point in
C(X,R) which means that it has a low name p € N\,
A p e NVis called low if p’ <10’
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The Weihrauch Degree of the Hahn-Banach Theorem

HBT(X,Y,f) :={g € C(X,R) : g linear,gly = f,||g|| = ||f||}
Theorem (Gherardi and Marcone 2009)
HBT =y WKL.

Let us denote by HBT x the problem HBT for a fixed space X.

Question

Is there a computable Banach space X with HBT x =w WKL?
As an example we denote the Banach Inverse Mapping Theorem by
BIMx :C C(X,Y) = C(Y,X), T — T71,

i.e., BIM is defined for bijective linear T. We obtain:
» BIMx y <w Cy for all computable Banach spaces X, Y.
> B|M@2:g2 =W CN.

» BIMx y is computable for finite-dimensional computable
Banach spaces X, Y.
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» A normed spaces X has a strictly convex dual space X* if and
only if all linear bounded functionals f : Y — R have unique
extensions g : X — R with [|f]| = ||g]|.
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Proposition (B. and Gherardi)

UCyn is computable.

> (Y,|| |]) is called strictly convex, if ||x + y|| < ||x|| + ||y]|
holds for all linearly independent x,y € Y.

» A normed spaces X has a strictly convex dual space X* if and
only if all linear bounded functionals f : Y — R have unique

extensions g : X — R with [|f|| = ||g]|.

Corollary (B. 2008)

HBT x is computable for all computable normed spaces X with a
strictly convex dual space X*.

» Examples of strictly convex spaces are £, for 1 < p < 0.
» All Hilbert spaces are strictly convex.
» The spaces ¢y, /1, {~, are not strictly convex.
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Lemma (Folklore)

Let (X,|| ||) be a normed space, Y C X a linear subspace, x € X
and Z the linear subspace generated by Y U {x}. Let f: Y — R
be a linear functional with ||f|| = 1. A linear g : Z — R with
gly = f|y extends f with ||g|| = 1, if and only if

sup (F(u) ~ || — ul]) < g(x) < inf (F(v) + [lx — v]]).
ueY ve



Finite Dimensional Extensions

1

Lemma (Folklore)

Let (X,|| ||) be a normed space, Y C X a linear subspace, x € X
and Z the linear subspace generated by Y U {x}. Let f: Y — R
be a linear functional with ||f|| = 1. A linear g : Z — R with
gly = f|y extends f with ||g|| = 1, if and only if

sup (F(u) ~ || — ul]) < g(x) < inf (F(v) + [lx — v]]).
ueY ve

By HBT, we denote the Hahn-Banach Theorem HBT restricted to
subspaces Y of codimension < n.

Corollary

HBT, <w CCpoqj * - * CClo.1] -

n—times
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Let X be a finite-dimensional computable Banach space with some
closed linear subspace Y C X. For any computable linear
functional f : Y — R with computable norm ||f|| there exists a
computable linear extension g : X — R with ||g|| = ||f]|.
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Corollary

HBT, <w CCpoqj * - * CClo.1] -

n—times

CClo,1) is non-uniformly computable, i.e., every connected co-c.e.
closed subset A C [0, 1] contains a computable point.

Corollary (Metakides and Nerode 1985)

Let X be a finite-dimensional computable Banach space with some
closed linear subspace Y C X. For any computable linear
functional f : Y — R with computable norm ||f|| there exists a
computable linear extension g : X — R with ||g|| = ||f]|.

Note however, that LLPO =g Co <sw HBT2 (this can be proved
using ideas of Ishihara). Hence, HBT, is not computable.
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A Space of Maximal Complexity

Question

Is there a computable Banach space X with HBT x =w WKL?

Some negative results on a possible X:
» X cannot have a strictly convex dual space X*,
» X cannot be a Hilbert space,
» X cannot be a space /, for 1 < p < oo,

» X cannot be finite-dimensional.
We recall [[x|[s, = /> =1 [xilP.

Question
Is HBT, =w WKL?

We definitely have LLPO =gw Co <y HBT,,, hence HBT, is not
computable.
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A Classification of the Finite Dimensional Case

Question
Can HBT, <w CCg q) * ... * CClg 1) be improved?

A plausible candidate is the following:

Question
Is HBT, <w XCig,1j» or even HBT, =w XCg 1}n 7
More specifically we can even ask:

Question

Is HBTgl(n) =W XC[O,l]" ?

Such a result would be nice since we have:

Theorem (Le Roux and Pauly)
XC[OJ_]n <W XC[O’l]nJrl fOf a// ne N



The Hahn-Banach Theorem in the Weihrauch Lattice ;!

CQN =W C[O,I]n =W CC[O’l]nH =W WKL =W HBT

N

XCpg gjnit HBT,,
! L
XCio,1yn HBT, (n+1)
| L
CC[OJ] = XC[OJ] =W VT HBT@l(n)

o~ S

C,=w LLPO
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