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Abstract: We define a Hausdorff extension of the Scott topology on the domain of
ideals of an information system. This topology can be characterized as the topology of
the “strong Scott condition”, a strong version of the standard Scott condition. To our
knowledge this is a new refinement of the Scott topology. We prove its basic properties
and we show that in general it properly refines the corresponding Lawson topology,
the strong topology associated with the Scott topology and the liminf topology. We
also prove some basic results on continuity of functions with respect to this topology
and we show how the Alexandrov condition and the Scott condition are related to the
introduced notion of a pair of approximation structures for the same set.

1 Information systems and approximation structures

Following the minor modification of the definition of Scott [Scott 1982] due
to Larsen and Winskel [Larsen and Winskel 1991], an information system is a
structure A = (A, Con, ), where A is a non-empty set of tokens or data objects,
Con is a non-empty set of finite subsets of A known as consistent sets or formal
neighborhoods and F is a subset of Con x A, the entailment relation, satisfying:
(i) if V. C U and U € Con, then V € Con, (ii) if a € A, then {a} € Con, (iii) if
U F a, then UU {a} € Con, (iv) if U € Con and a € U, then U - ¢ and (v) if
UW € Conand U F W, then Wt a— Ut a, where U - W means that U + c,
for each c € W.

An ideal J of A is a subset of A satisfying: (i) if U is a finite subset of J,
U Qﬁn J, then U € Con and (ii) if U Qﬁn J and U F a, then a € J. Let
|A| denote the set of ideals of A. If U € Con, then the deductive closure of U,
U =1{a€ A:UFla},is an ideal called compact. Let |A|y denote the set of all
compact ideals Jy of A. Since § € Con, L = 0 is an ideal included in all ideals
of A.

A partial ordering (D, <) is called a complete partial ordering (cpo), if there
is a least element L and every directed F C D has a least upper bound (lub),
\/ F,in D, where F C D is called directed, if each finite subset of F is bounded
in F. An element dy of a cpo D is called compact, if for every directed F C D

do <\/F = do<b,

for some b € F. Let Dy denote the non-empty set (L € Dg) of the compact
elements of D. A cpo (D, <) is called algebraic, if for each d € D the non-empty



set
Do(d) = {d() € Dy :dy < d}

is directed and d = \/ Dy(d). In this case we call Dy the base of D. A cpo (D, <)
is called consistently complete, if every bounded (finite) subset of D has a lub in
D. A domain is a consistently complete, algebraic cpo (D, <, L, Dy).

It is direct to prove that if A is an information system, then the structure
(|A], S, L, ]A|o) is a domain. Conversely, every domain D can be identified to
the domain of ideals of an appropriately defined by D information system Ap
(see [Stoltenberg-Hansen et.al 1994] or [Schwichtenberg and Wainer 2012]).

The fact that each ideal J of an information system A is the union of all the
compact ideals included in it,

7= 7,

expresses an approximation of the abstract object J by its compact sub-ideals.
The concept of approximation can be abstractly defined as follows'. If X, P are
non-empty sets, a relation < C P x X is called an approximation of X by P
and p < x is interpreted as “p approximates x”. A quasi-ordering < (that is a
reflexive and a transitive relation) is defined on P by

p<ge(VreX)g<z—>p=<uz.

If p < q, then “q is a better approximation than p”, since ¢ approximates fewer
elements than p. We call an approximation relation external, if P C P(X) and
p < x is of the form = € p, in which case p < ¢ +» p O ¢. We call an approximation
relation internal, if it is not external. The set P(x) = {p € P : p < x} contains
all P-approximations of x w.r.t. <.

Suppose that < is an approximation of X by P, < is the induced quasi-
ordering and L € P. A structure II = (X,P,<,<,1) is called an approzi-
mation structure for X w.r.t. <, if (i) P(z) =P(y) - z =y, (i) pg <2 —
(Fr < z)p,q <r and (iii) (Vo € X)L < x.

Due to condition (i) each z € X is uniquely determined by its approximations
P(z), while condition (ii) expresses that P(x) is a directed subset of P. The
object | approximates all elements of X, therefore | < p, for each p € P.
We call an approximation structure II external, if its approximation relation is
external, and in case X € P we denote it by (X, P, €,2, X). Also, we call an
approximation structure II strict, if (Vp € P)(3z € X)p < z, i.e., if P contains
no information data irrelevant to X. An approximation structure II can be
! Except the definition of an approximation structure which can be found

in [Stoltenberg-Hansen 2001], all the other definitions related to approximations are
introduced here.



related to some extra structure of X. For example, if R is a binary relation on
X we say that R is compatible with II, if

(Vz,2',p)p <z — R(z,2') - p=<2.

If 1, = (X, P1,<1,<3,L1) and IIr = (X, P2, <2,<3, 1) are approximation
structures for the same set X satisfying a compatibility condition of the form

(Vo) (Vp1)p1 <1 @ — (Ip2 <2 2)S(p2,p1) ,

where S C P, x Py, then we say that I, Ils form a pair of approximation
structures (IIy, II5). The strong compatibility condition of a pair (II1, Ils) is the
following strong version of its compatibility condition

(V) (Vp1)p1 <1 & — (Tp2 <2 2)(Vg2)p2 <2 g2 <2 & — S(q2,p1) -

If R is a given binary relation on X and (I1y, Il5) is a pair of approximation
structures for X such that R is compatible with both I7; and Il5, then we call
(II1, II5) an Alexzandrov pair of approximation structures for X w.r.t. R. If R is
not compatible with ITy or Ily, we call (IT1, Il2) a Scott pair of approximation
structures for X w.r.t. R.

If (X,7) is a Tg topological space and B is a basis for 7, then I} =
(X,T7,€,2,X) and II, = (X,BU{X},€,2,X) are two external approxima-
tion structures for X. The structure II, is strict, while I1y is not. Also, I1y, Il
form a pair because of the trivial compatibility condition (Vz)(VO)z € O —
(3B 3 z)B C O, which can be strengthened to the formula (Va)(VO)x € O —
(3B>x)(VBYr€ BB CB— B CO.

If R is the set of reals and Q is the set of rationals, then the structure
I, = (R, {[p,q] : p,q € Q,p < q} U{[—00, +x]}, €, D, [—00, +0]) is a strict and
external approximation structure for R. If QN is the set of sequences of ra-
tionals, then the relation (¢,) <z < (g,) — z is an approximation of R by
QY, where (g,) — z denotes that z is an accumulation point of (g,) within
the standard topology of R. Also, (pn) < (¢n) ¢ L(pn) 2 L(g,), where L(py,)
denotes the set of limit points of the sequence (p,). It is direct to see that
II, = (R,QY,—,<,Q) is an internal approximation structure for R, which
is not strict since the sequence ¢, = n, for each n, has no accumulation
points. Structures I1;, IIs form a Scott pair of approximations for R w.r.t. <,
the standard ordering of reals, since they satisfy the compatibility condition
(Vz)(V[p,q))x € [p,q] = (3(gn) = z)(gn) C [p,q], but < is not compatible nei-
ther with I7; nor with ITy; if < 2’ and z € [p, q] or (gy,) — =, then we cannot
infer neither 2’ € [p, ] nor (g,) —- «’.

The Scott topology S on the set of ideals |A| of an information system A has
as basis all sets

Ov ={JelA:Uucin ).



Since (]A|,S) is a Ty-space, following our first example of an approxima-
tion structure we get that IIs = (JA],S,€,D,|A|) is an external approxima-
tion structure for |A|. It is also standard (see [Stoltenberg-Hansen et.al 1994]
or [Schwichtenberg and Wainer 2012]) that O € S if and only if O satisfies the
Alexandrov condition

VS, J)WNO)JeO—=JCJ —-J €0
and the Scott condition
VI)(VO)J €O - BUCHU€O.

Within our terminology the Alexandrov condition expresses that the ordering
C of ideals is compatible with the approximation structure IIs and is justi-
fied through a “forcing” interpretation of J € O given by Smyth [Smyth 1988].
According to it, an open set O is thought of as an “observable property”
ementhood J € O is interpreted as J “forces” property O to hold, or J contains
enough information for property O to hold. To interpret the Scott condition in
our language we need to connect IIs to another approximation structure for |.A|.

If A is an information system then IIy = (|A|, |Alo, C,, L) is a strict and
internal approximation structure? for |A|, where U<V &UCV o UHV.
It is trivial that the ordering of ideals C is compatible with I1y too. The Scott
condition is a compatibility condition between the structures Ils and Iy, which
form an Alexandrov pair of approximation structures (IIs, Ilp) for |A| w.r.t. C.

The Alexandrov condition together with the Scott condition imply the fol-

and el-

lowing strong version of the Scott condition
(V)(VO)J €O = FUCHNVV)UCVCI—=VEeOD],

which we call the strong Scott condition. Clearly, the strong Scott condition
is the strong compatibility condition of the pair (IIs, IIy) corresponding to its
compatibility condition given by the Scott condition. Although the strong Scott
condition trivially implies the Scott condition, the strong Scott condition does
not imply the Alexandrov condition and Scott pairs of approximation structures
for | A] w.r.t. C can be found.

2 In the same way, an approximation structure (D, Do, =,<,1) corresponds to any
domain (D, <, L, Dg). One can also show (see [Stoltenberg-Hansen 2001]) that if
(X, P,<,<,1) is an approximation structure for X such that (P, <) is a cusl, i.e.,
a partial ordering with a least element such that if p, ¢ are bounded elements of P,
then pV g € P, an information system Ap is naturally defined by it. Moreover, the
order ideals of (P, <), i.e., its directed and downward closed subsets, are the ideals

of Ap.



2 Basic properties of the topology of the strong Scott
condition

In order to be self-contained we include the following standard definitions3. A
directed set (A, <) is a quasi-ordering, every pair of which has an upper bound.
If X is a non-empty set, a net in X is a function z : A — X, where (4, <)
is a directed set, denoted by (zx)aeca, or simply by (xy). If (M, <) (A, <) are
directed sets, a function ¢ : M — A is called a directed map, if (VA € A)(3u(N) €
MYV = p(A)e(p) > A I (2)rea, (Yu)pem are nets in X, then (y,)u.em is a
subnet of (zx)rea if there is a directed map ¢ : M — A such that y, = z,(,),
for each . We denote a subnet (y,.)uenm of (£a)xea by (Ty(u))uenr, or simply
by (xx,). A net (xx)xea in X is a constant net, if there is some x € X such that
x\ = xz, for each A € A. We denote such a constant net by (z). If (X,T) is a
topological space and (zx)x C X, the net (x))x converges to x € X, (xx)x A
or simply (zx)x — z, if (VO 3 x)(3A)(VA > Ag)za € O. Of course, it suffices for
O to be a basic open set. In the case of the Scott topology the above convergence
takes the form

(L) S J 4 (VU S 1) (3X0) (VA > X)T C 1

Consider A to be a fixed index set for the ideals |A| of an information system
A, and Ay the subset of A which indexes |A|g. That is, |A| = {Jx : A € A} and
[Alo = {Jx: A€ Ag}. The sets A, Ay are ordered according to the condition
A<N o J, C Jyr. If J is a fixed ideal of A, the sets

AJ)={N€A:JyCJ} and Ag(J)={\€ Ag:J\ C J}
are directed subsets of A and we call the corresponding nets in |.A|

(I )reawny and (Jx)aeno(g) s

the ideal net and the compact net of J, respectively. Obviously, J = UAer(J) I
and each (A(J), <) or (Ao(J), <) has the same least element A, for which
Iy, = L.

Note that if J € | Ao, then Ag(J) is not necessarily a finite set. To show this
we construct an information system A, a compact ideal of which has infinite
compact sub-ideals. Let A = {ag, a1, as, ...}, Con be the set Pﬁn(A) of all finite
subsets of A and the entailment relation be defined as follows: ag F a,,, for each
n, and each finite subset of A\ {ag} entails only itself. It is easy to see that
(A,Con,F) is an information system such that {ag} = A, while its sub-ideals
{aiy,.yai,} = {ai,,...,a;, }, where each a;, # ag, are infinite. Moreover, the
set A\ {ao} is a non-compact ideal of A which is included to a compact one

(A\ {ao} € A = {ao}).

3 For all the topological notions not defined here see [Dugungji 1990].



Also, if J ¢ |A|o, then Ag(J) is necessarily infinite. If J ¢ |.A|o and
Ao(J) = {1, .., A\t

for some n, i.e.,

J= U Ine = {agl), ...70&3} U..u {agn), ...7a$f$3}7
i=1

then the ideal

Jo = {agl), cny as,lli, ceny agn), ey aﬁ,’fﬂ}

belongs to |A|o, since the finite subset {agl), ceny aS}l{ eees agn), . aS,’Z)} of J belongs
to Con. By the deductive closure of J, Jy C J. Also, if b € J, then b € J,,,
for some k, and since Jy, C Jo, b € Jy too. The conclusion J = Jy though,
contradicts our hypothesis J ¢ |Alo.

It is also trivial to show that if J € |A[, then

S s
(I )rea) = J and (Jx)xeags) — J -

There are nets though, converging to J w.r.t. the Scott topology that are not
contained in the compact net of J. If I D J, then the constant net (I) converges
to J w.r.t. S and it is not contained in the compact net of J (actually {I}, the
S-closure of {I}, is equal to |1 = {J' € |A|: J' C I}). Thus, a net (I,), may
converge to some J € |A| w.r.t. to S, though keeping “information distance”
from J. In other words, S-convergence permits information irrelevance, exactly
because of the Alexandrov condition.

We define a Hausdorff extension o of the Scott topology on |A| (and in a
similar way on an abstract domain) as the induced topology of a convergence
space in net form (see [Heinze et.al 2001]). If X is a non-empty set, the pair
(X, (NVz)zex) is called a convergence space in net form, if for each z, N is a
family of nets in X such that (i) if (z) is a constant net in X, then (z) € N,
and (ii) if () is a net in X such that: (z)) € N, and (zy,) is a subnet of (x),
then (z),) € Np. An O C X is called N-open if

(Vz € O)(V(@2)ren € Na)(Fho € A) (VA > Ag)zy € O

i.e., if for each point x of O all nets in N, lie eventually in . The collection of all
N-open sets satisfies the properties of a topology A, which is called the induced
topology of a convergence space in net form. Clearly, if (X,7) is a topological
space and () is a net in X such that (z)) € N <> () 7, 2, then (X, (Na)zex)
is a convergence space in net form and its induced topology is identical to 7T
Also, if N, contains only the constant nets, then N’ = P(X).



To each ideal J of | 4] we assign a family of nets oy containing all subnets of
the compact net (Jx)aea,(s) of J and all the constant nets with value J. Then

(|Al, (0.7)se)a))

is a convergence space in net form, since a subnet of a constant net (J) is also
a constant net with value J, and a subnet of a subnet of the compact net of
J is again a subnet of the compact net of J. A g-open set O is defined by the
condition

(VJ € O)(V(I\)aea € 05)(TAg € A)(YA > X)) € O,
which is reduced to
(VT € O)3 o € A(J))(VA € Ag(J))A = Xog = J\ € O,

since if J € O, all constant nets (J) are automatically included in O, and if the
whole compact net of J satisfies the initial openness condition, then each subnet
of it satisfies the openness condition too. Since the condition which characterizes
a o-open set is the strong Scott condition we call the induced topology o of the
convergence space in net form (A, (07)sej4|) the topology of the strong Scott
condition.

Theorem 1 The family of sets of ideals (J;()))\OGAO(J),JELA\; where
Ty = {IaA € Ag(J) A X > X} U (T},

is a basis for the topology o on |A|. Moreover, (|A|,o0) is a totally disconnected
Hausdorff space which is not zero-dimensional.

Proof. Each set J3 is o-open since it satisfies automatically the strong Scott
condition. Also, if J € O € o, then the strong Scott condition determines some
Ao € Ag(J) such that J € J5 C O.

To show that o is Hausdorff we suppose that Jy,.J> are ideals such that
there is a € Jy \ J2 (the case a € Jy\ J; is treated in a similar way). Hence,
{a} = Ju,,, for some \g € Ag(J1). Obviously, J; € Ji,, and J2 € J3, -, while
foo N J§AL = (), since otherwise a would belong to Js.

In order to show that (].A4], o) is totally disconnected we remark first that if
U € | Ao, then there is some Ao € Ag(U) such that U = Uy,. Since {U} = Uy,
each {U} belongs to the above basis. Suppose that B is a set of ideals such
that B 2 {J}, for some J € |A|. If B contains a compact ideal U, then B is
not connected, since it can be written as the union B = {U} U B\ {U}, that
is, the union of disjoint open sets in B. If B contains no compact ideal, then
J5, N B ={J}, therefore {J} is open in B. Again B is not connected since it is



written as B = {J} U B\ {J}. Thus, the connected components of (|.A|,o) are
the singletons.

To prove that the space (|A|, o) is not zero-dimensional, it suffices to show
that in general we cannot find a clopen set K such that J € K C J{ . If there
was such an open K contained in J3 , it would contain a basic open set J3 ,
for some Ay € Ag(J). The closure of such a set though, may contain a non-
compact ideal I C J, so K cannot be included to J5 . Let A = {ag,a1,az,...}

and (A4, Pﬁn(A), ) be the information system we defined previously in order to
show that a compact ideal may contain an infinite number of compact sub-ideals.
If B is an infinite subset of A\ {ag}, then B is a non-compact ideal. Suppose
that there is a o-clopen set K such that B € K C By . Since K is g-open there
is some A\g € Ag(B) such that By C K. If aj € B\ By,, then B\ {a;} is a
non-compact ideal other than B. We show that B\ {a;} € K = K, where K is
the o-closure of K, therefore K cannot be contained in By . It suffices to define
a net in K that o-converges to B\ {a;}. If (M, =) is a directed set and (1,,)uem
is a net of | A, then its o-convergence is characterized by

O

(L) 5 T 4 (Do € AW Guo)(Vp = po), € T3,

The set I' = {U : By, C U €™ B\ {g;}} is a net in K such that B\ {a;} =
UT, since if ax € B\ {a}, then By, U{ay} € I'. If V " B\ {q;}, then
VUB,, € I' and all the ideals of I" that contain V U B,, also contain V,
therefore I' % B\ {a;}.

While the last argument of the previous proof shows that the o-open set J5
is not generally o-closed, the corresponding net ideal |J is o-clopen. If I € |J,
then each I, where A\ € A(I), is included in I, therefore the whole compact net
of I is included in |J. The set |J is also o-closed because its complement is
o-open. If I ¢ |.J, then there is some a € I\ J, therefore I}, is included in the
complement of |.J, for some jig € Ag(I) such that {a} = I,,,

Note that if J ¢ |Alo, no J5  is contained in {J} and consequently {J} ¢ o.
Hence, o is not generally equal to the power set P(|.A]). Since {U} € o, the whole
|Alo is o-open, as the union of g-open sets. Also, {U} is clopen, since (|A|,o)
is T1. Moreover, the set A\g(J) = {Jx : A € Ag(J) A X > Ao}, where A\g € Ag(J),
is o-open, since A\o(J) = (JA|\ {J}) N J} . For each Jy € A\g(J), the basic open
sets containing Jy and included in Ag(J) are the singletons {Jy}.

The fact that {U} € o shows how “thin” a c-open set can be, a fact in
complete contrast to the S-open sets that satisfy the Alexandrov condition.
Thus, a o-open set satisfies the strong Scott condition but not necessarily the
Alexandrov condition. Within the terminology of the previous section the ap-
proximation structures II, = (JA|, 0, €, 2,|A|) and IIy = (|A], | Alo, C,, L) for

|A| form a Scott pair of approximation structures (I1,, ITp) for |A] w.r.t. C.



The special feature of a o-basic open set J3 is that it represents a degree
of approximation of J with no irrelevancies, since each element of J§ “contains
information” which is already in J. In contrast to the Scott topology, the topol-
ogy of the strong Scott condition permits no irrelevancies. An interpretation of
J € O which justifies the strong Scott condition but not the Alexandrov condi-
tion is that of O as a “degree of nearness” or as a “degree of approximation” of
J. The Scott condition is just a compatibility condition; if O is near J, then it
must be near to some internal approximation .Jy, of J. The strong Scott condi-
tion is then automatically satisfied; for each A > Ao, if O is near J),, then it is
already near Jy. Regarding the Alexandrov condition though, if O is near J it
cannot be near to all ideals I D J, without distorting the notion of nearness.

Next we compare the topology of the strong Scott condition with some well
known refinements of the Scott topology. The basic open sets for the Lawson
topology L on | A| (see [Gierz et.al 2003]) are of the form G\ 1{J, ..., Jn }, where
G is a Scott-open set, 1J = {I € |A|: 1D J} and MJ1,...,Jn} = Ui, M.
Also, the basic open sets for the strong topology X on |A| associated with S
(see [Gierz et.al 2003, p. 428]) are of the form GNF, where G, F are S-open and
S-closed sets, respectively.

Theorem 2 If S, L, Y o are the Scott, Lawson, strong and the topology of the
strong Scott condition on |A|, respectively, then

SCLCX¥Co,

i.e., all these are in general different refinements of the Scott topology included
in the topology of the strong Scott condition. Moreover, the basic S-open sets Oy
are o-clopen.

Proof. First we show that S C o. It suffices to show that Oy € o, for each S-
basic open set O. If J € Oy, then there is some g € A(J) such that U = J,,.
Since for each A > )¢ we have that J, D U, we conclude that J, € Opy. If
U = {a1,...,a,}, for some n, then Oy is also o-closed. Since Oy = (i, Ofays
it suffices to show that any set of the form Oy, is o-closed. But if I € |A| \ Oyqy,
then all the elements I of its compact net are in [A] \ Oq.

It is trivial by the definition of £ that S C L and § C X. If J # 1, then
the set |A|\*J = {I € |A] : I 2 J} is L-open but not S-open (L 2 J and the
Alexandrov condition would imply that J 2 J too), therefore S C L.

To prove that £ C X' it suffices to show that for each J in an L£-basic open
set G\ T{J1, ..., Jn} there is a X-basic open set G' N F such that J € G’ NF C
G\ MJ1,...,Jn}. Since J € G, there is some U cfin 7 such that Oy C G. Since
the set |J is S-closed, the intersection Oy N JJ contains J and is included in
G\M{J1, ..., Jn}; if I is any ideal for which U C I C J, then I cannot be contained
in t{J1, ..., Jn} because if I D Jj, for some I € {1,...,n}, then J D J; too.



Next we show that in general £ C X' by proving the existence of a X-open set
which is not £-open. We remark that a singleton {U} = Oy N LU is X-open (and
of course, not S-open). If we consider the information system (A,’Pﬁn(A), F),
where A = {ag, a1, as, ...}, then by the previous remark the set {{a1}} is a X-
open set. In order to be £-open too it must be written in the form G\1{Ji, ..., J, },
for some G € S and Jy, ..., J,, € |A|. Since {a1} € G\ T{J1, ..., Jn} each {a1, ar},
for k > 1, belongs to G and must contain some J;, where [ € {1,...,n}, in
order that {{a1}} = G\ {J1,..., Jn}. But if {a1,ar} 2 Ji, either J, = {a} or
Ji = {a1, ax}. Since there are only n ideals Ji, ..., J,, this condition cannot hold
for each k > 1, therefore {{a;}} is not L-open.

In order to show that X' C o we prove that each X-basic open set is also
o-open. If J € GNF, where G, F are S-open and S-closed, respectively, then
I{, € G, for some g € A(J). Since a S-closed set is a lower set, |J C F,
therefore I3 C F too.

To show that X' C ¢ we prove that there are o-basic open sets which cannot
be XY-open. Suppose J is a non-compact ideal of an information system A such
that if J € G, where G € S, then for each Jy, € G there exists a non-compact
ideal I such that Jy, C I C J. For example, if we consider again the information
system (4, Pi%(A4), 1), where A = {ag, ai, as, ...}, the ideal A\ {ao} is such an
ideal; if some {a;,, ..., a;, } is contained in an S-open set G containing A \ {ao},
then {a;,,...,a; } C A\ {ag,a;} S A\ {ap}, for each a; ¢ {a;,,...,a;,}. In this
case no set of the form G N L, where G € S and L is a lower set, that contains
J is included to J5 , i.e., J is not X-open. Since Jy, € G and G is S-open,
I € G, while since J € L and L is a lower set, I € L, i.e., I € G N L, therefore
G N L cannot be included to a set like J3  in which the only non-compact ideal
is J.

Since £ C X' C o the approximation structures Il = (JA|, L, €, 2,]A|) and
IIs = (|A], 2, €,2,|A]) for |A| form with ITy the Scott pairs of approximation
structures (I, I1y) and (IIx, ) for |A] w.r.t. C, respectively. With respect,
though, to the “degree of approximation”-interpretation of J € O the X-open
sets are closer to the o-open sets while the L-open sets are between the S-
open and the c-open sets. If U Qﬁn J, then J belongs to the X-basic open set
OuynlJ={I€lA|l:U CIC J}which expresses a degree of nearness of J with
no irrelevancies. The difference with the o-approximation is that non-compact
sub-ideals of J other than J can be contained in Oy N ].J. On the other hand, a
Lawson open set Oy that contains an ideal J may contain information irrelevant
to J (for example, consider any L-open set containing {a;} in the case of the
previous proof of £ C X). But still the £-basic open set G\ 1{Ji, ..., J, } contains
less irrelevance w.r.t. an element J of it than G itself.

A refinement of the Lawson topology on a cpo (D, <) can be defined in the
following way (see [Gierz et.al 2003]). If (d;); is anet in D and e € D, then e is



an eventual lower bound of (d;);, if (3jo)(Vj = jo)e < d;. The element d of D is
the liminf of anet (d;);, d = lim(d;), if (i) d is the supremum of all eventual lower
bounds of (d;);, and (ii) there is some directed set F of eventual lower bounds of
(d;); such that d = \/ F. Obviously, if (d) is a constant net, then d = lim(d), and
if (d;); is a monotone net (i.e., (Vj,5')j = j* — d; < d;), then lim(d;) = sup(d,).
In [Gierz et.al 2003, p. 231], it is proved that d is the liminf of all subnets of (d;);
if and only if d = lim(d;) and (V¢)[(V4)(3j" = j)c < dj] — ¢ < d. In case one
of these two equivalent conditions holds for a pair (d, (d;),;) we say that the
pair (d, (d;);) satisfies the &-condition. A set O C D is called {-open or open
w.r.t. the liminf topology & on D, if for each d € O and for each pair (d, (d;);)
satisfying the &-condition, the net (d;); is eventually in O.

Theorem 3 If¢ is the liminf topology on the set of ideals |A| of an information
system A, then the topology of the strong Scott condition o is generally a proper
refinement of £, in symbols, £ C o.

Proof. 1f J € | A, then the pair (J, (Jx)xea,(s)) satisfies the &-condition, since
the net Ag(J) is monotone and J is the supremum of (Jx)xea,(s) and of all its
subnets. If O is a {-open set, the net (Jx)xeca, () is eventually in O, therefore O
is also o-open.

To show that ¢ C o we consider the information system A = (A, PR (A) F),
where A is an uncountable infinite set and each finite subset of A entails itself.
Obviously, each subset of A is an ideal. The set I" of all countable subsets of A
is a directed set, which we also write as a net (I,),, where pp < p/ <> I}, C Iy
w.r.t. a fixed indexing of the ideals of A. Since (I},), is a monotone net, we
get that lim(I},) = sup(/,) = A, since an upper bound of I" includes each
singleton in A, therefore it is equal to A. Also, the condition (VB)[(Vu)(3p =
w)B C I/] — B C Ais trivially satisfied. Thus, the pair (A4, (I,),) satisfies the
§-condition, A € A3 , but the net (I',), cannot be eventually in the o-open set
A3 |- The set A} contains A and all the finite subsets of A, while for each
there is some g > p1 such that I, is an infinite, proper subset of A. Hence, A3
is not a &-open set.

We define the extended compact net (Jx)yea+ () of J as the set of all ideals
Jx, where Af(J) = Ag(J)U{A;} and Jy, = J, w.r.t. the fixed indexing of the
ideals of A. Obviously, (A7 (J), <) is a directed set with a minimum, A, , and a
maximum, A, element.

Theorem 4 Suppose (J) is a constant net with value J, (Jy,) is a subnet of
the compact net of J, and (I,)uenm is a net of |A| converging to J with respect
to o. Then (J) and (Jx,) converge to J with respect to o, (I,,).em s eventually
a constant net with value J, if J € |Alo, and (I,)uem is eventually a subnet of
the extended compact net of J, if J ¢ |Alo.



Proof. The constant net (J) trivially o-converges to J. If (Jy,) is a subnet of
the compact net of J, ¢ is the corresponding directed map and Ag € Ag(J)
is fixed, then there is some vy such that, for each v > vy, p(¥) > Ay and
I, = Jow) 2 Jx,- Hence, the subnet (Jy,) o-converges to J.

If J € |Alo and (I,)uem — J, applying the definition of o-convergence for
the o-open set {J} of J we get that (I,),ecnm is eventually a constant net with
value J.

If J ¢ |Alo and (I,,) e m 2 J, applying the definition of o-convergence for the
o-open set J§ = {Jx|X € AF(J)}, we get some pip, such that for each p > o,
I, € J§ , ie., all these elements of (I,),en belong to the extended compact
net of J. If My = {p € M : p> po}, then (Mp, <) is also a directed set. The
condition of o-convergence says exactly that the map ¢ : (M, <) — (AF(J), <)
defined by ¢(p) = Ao, if 1, = J»,, while p(u) = Ay, if I, = J, is a directed map.
By its definition though, I, = J,(,), for each p = po, therefore (I,),cn, is a
subnet of the extended compact net of J.

3 o-Continuity

If AB are information systems and f : |4 —  |B|, then
(see [Stoltenberg-Hansen et.al 1994] or [Schwichtenberg and Wainer 2012])
f is continuous with respect to S, if and only if f is monotone and commutes
with direct unions, i.e., for every directed set F C |A|

rdn=Uro,

JeF JeF

if and only if f is monotone and satisfies the principle of finite support
be f(J)— (AU ™ e £(O) .

If f is monotone and satisfies the principle of finite support, then f satisfies what
we call the strong principle of finite support

be f(J)— QUi W TcVCT—be f(V)].

As the o-open sets satisfy the strong Scott condition but not in general the
Alexandrov condition, the o-continuous functions satisfy the strong principle of
finite support without being, in general, monotone. If f : (JA|,o04) — (|B],05),
where 04,0 are the topologies of the strong Scott condition on |A|,|B| re-
spectively, then the condition of continuity of f through nets is (1), EE N
(f(I), 58 f(J), where (I,,),, is any net in |A|. If we consider the compact net
of J as a net o-converging to .J, then we get (Jx)x =% J — (f(In)x 28 f(J). If
b € f(J), then {b} = f(J)u,, for some py € Ag(f(J)). From the convergence
(f(Ix)x — f(J) though, (3Xg € Ao(J))(VA > Xo)f(Jx) € f(J)},- Since, for



each such A, f(Jy) 2 m, this means that f satisfies the strong principle of
finite support

be f(J) = (Fro € Ao(J)) (VA > Xo)b € f(Jn) ,

without being necessarily monotone.

Next we give a simple example of a o-continuous function which is not S-
continuous. If B+ = {it,ff, L} is the flat boolean set ordered by the relation
< = {(t, tt), (fF, ), (L, 1), (L, )}, then B = ((B*, <) is a domain with By = B*.
The S-topology on B~ is {0, {tt}, {F}, {t, F},B+}, i.e., S is To but not T;. Any
T, topology on Bt though, like the o-topology, turns B+ to a discrete space
(the singletons {tt}, {ff} are closed and so is their union {t,ff}, therefore {1}
is o-open). Hence, any function f : B+ — B is o-continuous, while it cannot
be S-continuous, if it is not monotone (consider for example, the function f =
[, ), (1), (L)},

Theorem 5 Suppose f : (|A|,Ta) — (IB|,Tg) is a continuous function, where
T is any refinement of the Scott topology such that each T -open set satisfies the
Scott condition. Then f is continuous with respect to the corresponding Scott
topologies on |A|, |B| if and only if f is monotone.

Proof. The monotonicity of an S-continuous function is directly implied by the
characterization of S-continuity. For the converse it suffices to show that if f
is monotone and T-continuous, then f~1(Op) is S4-open, for each basic open
set Oy in Sp. Suppose that Oy is such a fixed set. Since S C T, Oy is T-open
too. By the T-continuity of f, f~1(Oy) is Ta-open, therefore f~1(Oy) satisfies
the Scott condition. It remains to show that f~!(Oy) satisfies the Alexandrov
condition. If J € f~1(Oyp), that is, if f(J) 2 U, and if I 2 J, then by the
monotonicity of f we get that f(I) 2 f(J) 2 U. Hence, I € f~}(Oy) too.

If Cs(]Al,|B|) and C,(|.A|, |B]) are the sets of S and o-continuous functions
between the sets of ideals of two information systems A and B respectively, the
next proposition shows that Cs(|Al,|B|) C C,(|Al, |B]).

Theorem 6 If f: (|A|,S4) — (|B|,Sg) is continuous, then f is also continuous
with respect to the corresponding o-topologies on |A|, |B].

Proof. Suppose that f : (|JA],S54) — (|B|,Sg) is continuous. In order to show
that f is also o-continuous it suffices to show that f~'(J5 ) € o4, for each
op-basic open set J§ .

First we consider the case where the og-basic open set is of the form {U},
where U = {b1,...,b,} € Cong. If I € f~1({U}), i.e.,, f(I) = U, then by the



principle of finite support for f there are sets Vi,...,V, cfin 7 such that b €
f(V1),...;bn € f(V,,). But then the following implication holds

where po € Ag(I) is the index corresponding to the ideal |J;_, V; of I. To show
this implication we use the monotonicity of f; V; C I,,, — f(Vi) C f(1,,), for
each i € {1,...,n}. Consequently, ;, f(Vi) C f(I,,), and the inclusions U C
UL, f(V;) € f(1,,) imply that U C f(I,,). For each u > o the monotonicity
of f implies that U C f(I,,) C f(I,) C f(I) = U, which means that f(I,) = U,
for each such u. This proves though, that the compact net of I is eventually in
“L{U}), ie., fH{U}) is a o-open set.

An immediate consequence of the previous case is that if J € |B|, the inverse
image f~'(A\o(J)) of the op-open set A\o(J) is a o4-open set. Since Ag(J) =
{J)\ TN E Ao(J) AN> )\0} = U/\Z)\O{J)‘} € oz,

o) = U= U 1 dah

A> Ao A> o

i.e., f71(X\o(J)) is o-open as the union of the o-opens sets f~1({Jy}).

Next we consider the general case, i.e., the inverse image of a op-basic open
set Jx . If J € |Blo, then J5 = Ao(J), therefore this case is reduced to the
previous one.

If J ¢ |B|o and since f commutes with direct unions,

Tef ') erm=J w= U rd.)=7n,

HEAo(T) HEAo(T)

for some A > Ao and A € AJ(J). If A # Aj, then f(I) is a compact ideal and
by the first case the compact net of I is eventually in f~1({Jy}), therefore in
3.

If A = Ay, ie, if f(I) = J, then we distinguish again two cases. If there
is some g € Ag(I) such that f(I,,) = J, then by the monotonicity of f we
get that f(I,) = J, for each p > po, i.e., the compact net of I is eventually in
FHIR,)-

Suppose that f(1,) C J, for each p € Ag(I). Since Jy, = U = {b1, ..., b, }, for
some {by,...,b, } € Cong, and f(I) = J, then {by,...,b,} C f(I). By the principle
of finite support for f we consider again a compact sub-ideal U?:l Vi =1,, of
I, for some 9 € Ag(I), for which f(I,,) 2 Jx,. Hence, by monotonicity of f

IM 2 Iuo - f(‘[#) 2 f(IMO) 2 J)\OV

for each p > pg. Therefore, the compact net of I is eventually in f’l(J;fO).



One can show that the set Cs(|.A|, |B|) acquires a structure of a domain ei-
ther by identifying it with the set of ideals of a new information system A — B
(see [Stoltenberg-Hansen et.al 1994] or [Schwichtenberg and Wainer 2012]), or
by showing that the partial ordering (Cs(]Al,|B]),<), where f<g ¢«
(VI f(J) C g(J), satisfies an appropriate criterion of Ersov (see [Berger 1993]).
The Scott topology on the domain Cs(|.A|, |B]) is proved to be the topology of
the pointwise convergence.

Theorem 7 If (f,)u is a net in Cs(|A|,|B|) and f € Cy(JA|,|B|), such that
(fu) 5 [ e, (fu(J) 2 f(J), for cach J € |A|, then f € Cs(|A],|B|).

Proof. 1f (f,) % f, then in order to show that f € Cs(|Al,|B|) it suffices to
show by Theorem 5 that f is monotone. Suppose that Ji, J» € |A| and J; C Jo.
We show b€ f(J;) =1 = be f(J2) = Ip. Since b € I, {b} = I,,, for some
Ao € AO(Il). Since

(fu(1)) = I,

there is some po such that, for each p > po, fu(J1) € Ifxo’ ie., fu(J1) 2 m
By monotonicity of each function f,, we get that b € f,(J1) = b € f,(J2). Since

(fu(J2)) = I,

there is some gy such that, for each p > pg, fu(J2) € I;VL, where v, is the
minimum of Ay(I3). Hence, for each such p, Io O f,(J2) 2 L. If we consider
Lo > o, 1o, then, for each p > pg, we get Iy O f,(J2) 2 b, i.e., b e Iy = f(J2).

These are some first basic results on o-continuity. In subsequent work we
intend to study the extendability of a function fy : |Alo — |B|, where A, B are
given information systems, to a o-continuous function fy : |A| — |B|. Note that
the set of compact ideals |A|g is dense w.r.t. all topologies mentioned here. In the
case of the Scott topology the criterion for the existence of such an extension is
the monotonicity of fy, while in the case of the other finer topologies mentioned
here more general notions of “monotonicity” need to be studied. Also, the char-
acterization of the ordering structure (Cy(|Al, |B]), <), where < is the pointwise
ordering of functions in C,(|.4], |B|), and its relation to the corresponding space
of continuous functions w.r.t. the other refinements of the Scott topology, are
some of the many related open questions.
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