Constructive uniformities of pseudometrics and Bishop
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We develop the first steps of a constructive theory of uniformities given by
pseudometrics and study its relation to the constructive theory of Bishop topologies.
Both these concepts are constructive, function-theoretic alternatives to the notion
of a topology of open sets. After motivating the constructive study of uniformities
of pseudometrics we present their basic theory and we prove a Stone-Cech theorem
for them. We introduce the f -uniform spaces and we prove a Tychonoff embedding
theorem for them. We study the uniformity of pseudometrics generated by some
Bishop topology and the pseudo-compact Bishop topology generated by some
uniformity of pseudometrics. Defining the large uniformity on reals we prove a
“large” version of the Tychonoff embedding theorem for f-uniform spaces and
we show that the notion of morphism between uniform spaces captures Bishop
continuity. We work within BISH*, Bishop’s informal system of constructive
mathematics BISH extended with inductive definitions with rules of countably
many premisses.

03F60; 03F65

1 Uniformities of pseudometrics in constructive topology

A uniformity of pseudometrics was the first notion of uniformity, which was introduced
by Weil in [47] as a natural generalization of the notion of a metric. Shortly after, Tukey’s
uniformity of coverings and Bourbaki’s unifomities of entourages were introduced
in [45] and [8], respectively. Classically, these notions of uniform space are equivalent.
As it is mentioned in [22], p.43, “Weil’s original approach was rather unwieldy and
was soon replaced by (the) two others”. Despite this prevailed view, today uniformities
in the language of pseudometrics are still studied classically (see, for example, [29]).
Moreover, as this is shown in the classic book [21], the notion of uniformity which
suits better to the classical theory of C(X) is that of Weil’s. In [21], p.216, Gillman and
Jerison remark the following:

From our point of view, the most efficient approach to uniform spaces
is by way of pseudometrics, as they provide us with a large supply of
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continuous functions Accordingly, we define a uniform structure to be a
family of pseudometrics (satisfying appropriate closure conditions). This
enables us to give complete proofs relatively quickly of all the facts about
uniform spaces that are needed here.

Uniformities given by entourages have been studied extensively within the constructive
theory of apartness spaces, developed mainly by Bridges and V1ita in [13] (see also [14]
for more recent results'). This notion of uniformity is a set-theoretic one, which fits
to the set-theoretic character of the notion of an apartness space. As far as we know,
uniformities of coverings have not been studied constructively yet.

The constructive study of uniformities given by pseudometrics has a more complex
history?. Bishop defined a uniform space through pseudometrics® in [4], pp.110-1, and
this definition was repeated in [7], pp.124-5. Although some fundamental properties
of uniform spaces were given in [4] in the form of exercises, Bishop expressed a
negative view towards the development of a constructive theory of uniformities given
by pseudometrics. In [4], pp.349-51, Bishop writes the following comment.

A uniform space at first sight appears to be a natural and fruitful concept of a
topological space. In fact, this is not the case. For instance, just to construct
a compact uniform space X, such that the assumption that X is metrizable
leads to a contradiction, seems to be a hard problem. ... Of course,
important constructively defined uniform spaces that are not necessarily
metrizable exist: every locally convex space has a natural uniform structure.
At first glance, the concept of a locally convex space would appear to be
important for constructive mathematics, since examples exist in profusion.
However, in most cases of interest it seems to be unnecessary to make use
of any deep facts from the general theory of convex spaces.

To Bishop’s latter argument Bridges and Vitd respond in [12], p.127, saying that

... the development of constructive analysis (in particular, aspects of the

'Richman has also studied constructively such uniformities in his unpublished work [41].

>We confine our account to the study of uniformities of pseudometrics within Bishop-style
constructive mathematics. For the study of uniformities of pseudometrics in formal topology
we refer to [17], [19], and [24].

3Bishop’s definition is more general than the one we use here (see Definition 2.4), although
the property (D,) added here and also found in the classical literature, see for example [21],
p-217, is incorporated in Bishop’s definition of a morphism between uniform spaces, and it
corresponds to the closure of a Bishop topology of functions under uniform limits (see clause
(BS4) of Definition 4.2).
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theory of operators) in recent years has greatly benefited from such a
general theory* . .. .

To justify his former argument Bishop explains in [4], p.350, why the most obvious
expected example of a non-metrizable compact uniform space i.e., the product uniform
space X = [0,1]%, where S is an uncountable set, cannot be shown to be compact
uniform space, since it cannot be shown to be totally bounded uniform space i.e., totally
bounded with respect to all additions of the pseudometrics in the uniform structure of
X. In our view though, this problem does not necessarily imply that the concept of
a uniformity of pseudometrics is unnatural or unfruitful. Rather it forces one to find
a notion of compact uniformity of pseudometrics that does not copy the definition of
a compact metric and at the same time is reduced to it when the uniform space is a
metric one. Such an enterprise with respect to compactness has been shown fruitful
in formal topology (see [30]), and in the theory of Bishop spaces (see [36]). As we
show in [33], [38], and [39], the constructive theory of metric spaces has also benefited
from the general theory of Bishop spaces. For example, the fact that a non-zero
bounded multiplicative linear functional on C(K), where K is a compact metric space,
is determined by some point of K (Proposition 8.25, in [7], p.382) is proved in [7]
within the theory of normed spaces, while in [39] is a corollary within the theory of
Bishop spaces. Note also that in Bishop’s attempt to reconstruct some portion of general
topology constructively, found in his unpublished manuscript [6], uniform spaces of
pseudometrics play an important role, as ecclesiastical spaces, the main objects under
study, are such uniform spaces equipped with a heirarchy, an appropriate collection of
subsets of the main set.

In [13], p.178, it is commented that classical results such as, for example, that a
uniformity of entourages is induced by a family of pseudometrics, or that a uniformity
with a countable base of entourages is induced by a single pseudometric (see [9], Chapter
IX for a classical proof of these facts), are not expected to hold constructively. This
cannot be seen though as an argument against the constructive study of uniformities of
pseudometrics, since this is very often the case with constructive studies of concepts
which have already been treated classically. In [3], p.975, it is noted that the hypothesis
that the discrete uniformity L(X) = {U C X x X | A C U}, where A(X) = {(x,x) €
X x X | x € X}, is induced by a set of pseudometrics D on X i.e., for every U € L
there exist di,...d, € D and ¢ > 0 such that

{(x,y) € X x X | Vi<j<aldj(x,y) <€)} C U,

*They mean a general theory of locally convex spaces, presented in section 5.4 of [12]. See
also the Thesis [44] of Spitters for contributions in this theory.
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implies the weak limited principle of omniscience in the form V, ,cr(a = bV —(a = b)).
Again, this fact cannot be considered as an argument against the development of
the constructive theory of uniformities of pseudometrics, since the aim of such a
theory is not to capture all classical results governing the relation between uniformities
of entourages and uniformities of pseudometrics, a relation which is based on the
fact that classically set-theoretic and function-theoretic objects are treated similarly.
In constructive mathematics, though, function-theoretic objects behave better than
set-theoretic ones.

What we want to emphasize here is that as the constructive study of uniformities of
entourages fits to the constructive study of apartness spaces, the constructive study of
uniformities of pseudometrics fits to the constructive study of Bishop spaces. As we try
to show in the rest of this paper, uniformities of pseudometrics and Bishop topologies
share the following characteristics.

(1) Both notions are function-theoretic.

(2) Their definitions have similar structure and induce similar function-theoretic
notions of morphisms.

(3) They posses an intrinsic inductive character, which is represented in the concepts
of the least uniformity generated by a given set of pseudometrics and of the least
Bishop topology generated by a given set of real-valued functions.

(4) Their theories can be developed in parallel and within the same system BISH*,
Bishop’s informal system of constructive mathematics BISH (see [4], [7], [2], [10],
and [12]) extended with inductive definitions with rules of countably many
premisses.

In [28] Myhill proposed the formal theory CST of sets and functions to codify BISH.
He also took Bishop’s inductive definitions in [4] (of Borel set and of function space,
here called Bishop space) at face value and showed that the existence and disjunction
properties of CST persist in the extended with inductive definitions system CST*, which
can be considered as a formalization of BISH*. As another formalization of BISH* one
can consider the system CZF 4+ REA + DC, where Aczel’s regular extension axiom
REA accommodates inductive definitions in CZF (see [26]) and DC denotes the axiom
of dependent choice (see [10], p.12). Here we describe the computational meaning
of the theory of uniformities of pseudometrics (and of Bishop topologies) within the
informal system BISH*.
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2 Basic notions and facts

We present some first definitions and results necessary to the rest of the paper.

Definition 2.1 A setoid is a pair (X, =x), where X is a set and =y is an equivalence
relation on X. It is called inhabited, if there is xo € X. If (X, =x), (Y, =y) are setoids",
a function f from X to Y is an operation such that x =y y — f(x) =y f(y), for every
x,y € X (see [7], p.15). We denote by F(X, Y) the set of functions from X to Y, which
is equipped with the pointwise equality, by F(X) the set of all functions from X to R,
where R is equipped with the standard equality (see [7], p.18), and by F*(X) the set
of bounded elements of F(X). If f, g € F(X), we define f < g := V,ex(f(x) < g(x)).
If a € R, we denote by ax the constant function on X with value a, and their set by
Const(X).

Within the theory of uniform spaces of pseudometrics the main objects of study are
the pseudometrics on X, while within the theory of Bishop spaces the main objects of
study are the functions of type X — R. For the rest of this paper X, Y denote inhabited
setoids.

Definition 2.2 A pseudometric on X is a mapping d : X x X — [0, +00) such that
x =y = dx,y) = 0,d(x,y) = d(y,x) and d(x,y) < d(x,z) + d(z,y), for every
x,y,z € X. We denote by D(X) the set of all pseudometrics on X. If d is a pseudometric
on X, the pair (X, d) is called a pseudometric space. A pseudometric d on X is called
bounded, if there exists some M > 0 such that d < Mx.x. We denote by D*(X) the set
of bounded pseudometrics on X. If f is a function of type X — R, the pseudometric dy
induced by f is defined by

dp(x,y) := dr(f(x),f (") = [f(x) = fO)],

for every x,y € X. The constant function Oy x on X x X is also a pseudometric, which
we call the zero pseudometric on X. A pseudometric d on X is called non-zero, if there
exist xp, yo € X such that d(xg,y9) > 0. If d € D(X) and xy € X, the pseudodistance
at xo with respect to d is the mapping d, : X — [0, 00), defined by x — d(x, xo), for
every x € X. A pseudometric d is called a metric, if d(x,y) = 0 — x = y, for every
x,y € X, and then the structure (X, d) is called a metric space.

One could write the first definitional clause of a pseudometric as V,cx(d(x,x) = 0),
avoiding in this way to mention some equality on X. Since this is required though in

>Usually we use for simplicity a single equality symbol for two setoids avoiding subscripts.
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the definition of a metric and of a separating set of pseudometrics (see Definition 3.1),
we include the setoid structure of X in Definition 2.2. If d;, d, are two pseudometrics
on X, it is immediate to see that d; + d» and d; V d, are pseudometrics on X, where
(d1 Vdy)(x,y) = di(x,y)Vda(x,y), forevery x,y € X, and a\Vb = max{a, b}, for every
a,b € R. Addition and multiplication of real-valued functions are defined pointwisely.

Definition 2.3 If d.e € D(X), A C D(X), and 9, ¢ > 0, we define:
U(d, 0,e,€) == Vyyex (d(x,y) <8 — e(x,y) < e).
U(A,e) :=Ves035503aea(Ud, 6, €, €)),
A:={e € DX) | UA,e)}.

We call A the pseudometric closure of A, while if A = A, we say that A is
pseudometrically closed.

If (X,p) is a metric space, f : X — R is uniformly continuous with modulus of
continuity wr i.e.,

Vayex (06, y) < wr(e) = [f0) —f] <€),

and g is just a function of type X — R, then the condition U({d;},d,) implies the
uniform continuity of g; let e > 0 and 6 > 0 be such that U(dy, d,d,,€). If x,y € X,
then

p(x,y) < wr(0) = [f(0) —f < 6 = [g(x) — g <€

ie., we(e) = wy(d).

Definition 2.4 A subset D of D(X) is a uniformity D on X, if

(Do) Oxxx € D.

(Dy) di,dp e D —dyVdyeD.

(Dy) e e DIX) — U(D,e) - e € D.

A uniform space is a pair D = (X, D), where D is a uniformity on X. A uniformity D
on X, or a uniform space D, are called bounded, it D C D*(X).

Clearly, {Oxxx} and D(X) are uniformities on X that we call the trivial and the discrete
uniformity on X, respectively. If D is a uniformity on X, then {0} C D C D(X). It s
immediate to see that if D, D, are uniformities on X, then D N D; is a uniformity on
X . The next proposition expresses the independence of (D) and (D»).

Proposition 2.5 (i) There exists a V -closed, not pseudometrically closed A C D(X).
(ii) There exist X and a pseudometrically closed A C D(X) that is not V -closed.
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Proof (i) Let A = {d}, where d is a non-zero pseudometric on X. Since d Vd =d,
A is V-closed, and since U(d, 5,d + d, ¢), for every € > 0, we get d +d € A\ A.
(ii) Let X = {x1,x2,x3} be a set with three elements. Let f,g : X — R such that
fQx1) = f(x2), |glx1) — gx2)| = €12 > 0, and g(x1) = g(x3), |[f(x1) — f(x3)| = €13 > 0.
By definition

di V dg € {dy, dg} < Ves0T550(Udy, 8,ds V dg, €) V Uldy, 6, ds V dy, €)).

We suppose that dr V d, € {dr,d,} and we apply the above condition on some € > 0
such that € < e;p A €13. If U(dy,0,dr V dg, €) is the case, then for xi,x, we have
that [f(x1) —f(x2)| = 0 < § and [f(x1) — f(x2)| V |g(x1) — g(x2)| = €12 < €, which
is a contradiction. If U(d,,d,d; V d,,¢€) is the case, then for x1,x3 we have that
|gCx1) — g(x3)] = 0 < 6 and [f(x1) — f(x3)] V [g(x1) — g(x3)| = €13 < €, which is a
contradiction. Hence dy \V d, ¢ {dr,d,}. O

Definition 2.6 If d € D(X) and a > O the truncation of d by a is the mapping
d N axxx, where (d N axxx)(x,y) = d(x,y) N\ axxx(x,y) = d(x,y) N\ a, for every
x,y € X, and a A b := min{a, b}, for every a,b € R.

Proposition 2.7 If D = (X, D) is a uniform space and e € D(X), the following hold.
(D3)a>0—deD —axxxd € D.

Dy)e<d—deD—ecD.

(Ds) D is inhabited.

(Dg) d1,dr) € D — dy +dp € D.

D))a>0—deD—dANaxxx €D,

(Dg) If d € D and xqg € X, the pseudometric dde on X induced by d,, isin D.

Proof (D3) If ¢ > 0, x,y € X, and d(x,y) < £, then (axxxd)(x,y) < € ie,
dxxxd € {d} CD=D.

(D4) If € > 0 and x,y € X, then if d(x,y) < ¢, then e(x,y) < e i.e., e € {d} CD = D.
(Ds) Immediately by (Dy).

(D) Since di,dr» < d\ V da, dy + dy» < 2xxx(dy V d»), and we use (D3) and (D).
(D7) The triangle inequality, the only less trivial condition in showing d Aaxxx € D(X),
follows from the property (b +c) Aa = (b ANa)+ (c Aa) of reals. If x,y € X and
€ >0, then d(x,y) < 5 Ae — (d Naxxx)(x,y) = d(x,y) < ¢, and we use (D>).

(Dg) If x1,xp € X, we have that

da,, (x1,%2) = |dxy(x1) — dxy(x2)| = [d(x1,%0) — d(x2, x0)| < d(x1,x2),

therefore dy,, < d. By (D4) we get dq, € D. |
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Since d; V d» < di + d,, one could replace (D) with (Dg). Moreover, (Dg) is
equivalent to (Ds). One can turn the definitional clauses (Dg), (D1) and (D) of a
uniformity into inductive rules and define the least uniformity generated by some given
set of pseudometrics Dg. This notion is central to the development of the constructive
study of uniformities of pseudometrics®.

Definition 2.8 If Dy C D(X), the least uniformity || Dy generated by Dy is defined
by the following inductive rules:

dy € Dy
do€[IDo’  Oxxx € [[Do’
dy,dy € HDO
diVvd,e][Do’
(de][[DoNd>0AUWd,0,e,€))es0
e ]IDo '
If D is a uniformity on X, Dy C D(X), and D = [[ Dy, we call Dy a subbase for D.

The most complex inductive rule in Definition 2.8 can be replaced by the following rule
di € [IDo A6 > 0A Uy, b1,e,1), dr € [[DoA6>>0AUdr,b2e,%),...
ec[[Do ’

which has countably many premisses. Definition 2.8 induces the following induction
principle Indjp, on [I Do: if P is any property on D(X), then

Vayen, (P(do)) —

P(Oxxx) —

VY, arel] Do (P(d1) = P(dy) — P(dy V dy)) —

Veel 1Dy (v€>035>03d€HDO(P(d) N U, d,e,¢€) — P(e)) —

Vael [ p,(P(d)).

Definition 2.9 A property P on D(X) is [[-lifted, if

Yaven, (P(do) = Vaeq1 p,(P(d)),

while it is lifted to the closure, if for every Dy C D(X)

Yayen, (P(do) —= Y yeps (P(d)).

®In the constructive theory of uniformities of entourages (see [13]) such a notion cannot be
defined.
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Definition 2.10 If D is a uniformity on X, a A C D is called a base for D, if D C A.

Since A C D —+ A C D = D, we get that A is a base for D if and only if D = A.
Note that since D is inhabited, a base A for D is also inhabited, while a subbase need
not be inhabited e.g., [[® = {Oxxx}. The following two propositions are easy to show.

Proposition 2.11 If A C D(X) is V-closed, then A is V -closed.

Proposition 2.12 Let (X, D) be a uniform space and Dy an inhabited subbase for D.
(i) If Dy is V -closed, then Dy is a base for [ [ Dy.

(ii) The set A(Do) = {\/'_, doi | doi € Do, 1 < i < n,n € N} is a base’ for D.

(iii) The set of bounded pseudometrics D* = D N D*(X) of D is a base for D.

(iv) If A is a base for D and a > 0, A Naxxx = {d Naxxx | d € A} is a base for D.

By Proposition 2.12(iii), although D* contains the zero pseudometric on X and itis V-
closed, it is not in general pseudometrically closed, since if it was, every uniformity on X
would be bounded, which, of course, is not the case. The fact that D* is not a uniformity
reveals a difference between the notion of a Bishop topology, where the bounded
elements F* of a Bishop topology F' form a Bishop topology (see Definition 4.2), and
the notion of uniformity of pseudometrics.

Definition 2.13 If D = (X, D), £ = (Y, E) are uniform spaces, a function 2 : X — Y is
a morphism from D to & if and only if V.cg(e ® h € D), where the pseudo-composition
operation ® of the pseudometric e and the function 4 is defined® by

e®h:=eoh?,
h2(x1, x0) = (h(x1), h(x2)),
for every x1,x; € X i.e., the following diagram commutes

[2]
XxX—YXxY

DBe(N JeeE

[0, 00).

"The generation of a base out of a subbase for Bishop spaces is more complex (see [33]).
81t is immediate to see that e ® h is a pseudometric on X.
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We denote by Mor(D, £) the morphisms between D and £. If &7 € Mor(D, ), it is
called open, if VycpTecp(d = e ® h), an isomorphism between D and &, if it is a
bijection and 2~ € Mor(E, D), and a set-epimorphism, if h is a surjection, while the
induced mapping H of h is the function H : E — D, defined by H(e) := e ® h, for
every e € E. The morphisms between uniform spaces are the arrows in the category of
uniform spaces Unif, where the identity arrow for D is the identity function idy of X.

The proof of the next proposition is straightforward.

Proposition 2.14 Suppose that D = (X,D),& = (Y,E), B = (Z,B) are uniform
spaces, h € Mor(D, ), e1,e2 €E, €,6 >0, ZCE,andZOh:={(Oh|(€Z}.
(i) Oyxy ® h = Oxxx.

(i) (et Ve) Oh=(e1 ®h)V(ex ®h).

(iii) (e1 + e2) ©h = (e1 © h) + (e2 © h).

(iv) U(ey, d,e3,¢) — U(ey ©® h,0,ep @ h,e€).

(v)IfecZ, thene heZ®h.

(vi) If h is a set-epimorphism, then h is an isomorphism if and only if h is open.

(vii) If g € Mor(E,B), then (b® g) ®©h=b ® (go h), forevery b € B.

(viii) If h is a set-epimorphism and ey ©® h = e, © h, then e} = e5.

If (X, T) is a topological space, the set C(X) of real-valued continuous functions on X
is a ring and a lattice. To this structure of C(X) corresponds the notion of a ring and
lattice homomorphism. The algebraic and lattice structure of a uniformity D on some
X can be described by the signature

(6X><X7 vV, +, (U6,5)6,5>0)7

where (D, Oxxx, V) is a semi-lattice with bottom, (D, 4, Oxxx) is an abelian monoid
with unit, and for every €, > 0 the relation U, s C D x D is defined by U, 5(d,e) =
U(d, 6, e,e). To this structure of D corresponds a natural notion of homomorphism.
By Proposition 2.14 the induced mapping H of some 2 € Mor(D,€) is such a
homomorphism.

Definition 2.15 If D = (X, D), £ = (Y, E) are uniform spaces, a function ® : D — E
is called a uniformity homomorphism, if it preserves Oxxx, V, +, and
Ues(dy,dy) — U 5(P(dy), (dr)),

for every di,do € D and 6,¢ > 0. If ® is a bijection and ®~' is a uniformity
homomorphism, then ® is called a uniformity isomorphism.
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Proposition 2.16 (] ]-lifting of morphisms) If D = (X,D) and £ = (Y, ][ Ey) are
uniform spaces, then h : X — Y € Mor(D, &) if and only if ¥, cg,(eo © h € D),

[2]
XXX —YXY

DB&)@N J{eero

[0, 00).

Proof We show inductively that V.c[[ g (e © h € D). This is immediate, if e € Ep, or
e = Oyxy. For the case e; V e, we use Proposition 2.14(ii) and the inductive hypotheses
on e; and ey. If €, > 0, the property U(¢’,d,e,¢) — U(e' ® h,0,e ® h, ), where
¢’ € [] Eo such that ¢ ® h € D, is shown by Proposition 2.14(iv). m|

Lemma 2.17 (Well-definability lemma) Let h: X — Y be a surjection, Z C D(Y),
and d € D(X). If d € Z® h, the function d* : Y x Y — R, defined by

d*(y1,y2) = d*(h(x)), h(x2)) 1= d(x1,x2),

[2]
XXX —YXxY

N id#

[0, o0)

for every yi,y, € Y, is a well-defined pseudometric on Y i.e.,

Ve 0 aex (A1) = h(x3) = h(x2) = h(xs) = d(x1,x2) = d(x3,x4)).

Proof Let x1,x7,x3,x4 € X with h(x;) = h(x3) = y; and A(xp) = h(x4) = y,. Since
d € Z® h, forevery € > 0 there are § > 0 and ¢ € Z such that U({ ® h,d,d,¢€) i.e.,

Ve wex (Ch(x), h(x')) < 8§ — d(x,x') < e).

Let € > 0. There exist § > 0 and ¢ € Z such that V, yex (C(h(x), h(x)) < 6 —

d(x,x') < %) Since by hypothesis ((h(x1), h(x3)) = ((h(x2), h(xg)) = 0, we get

d(x1,x3) < 5 and d(xz,x4) < 5. Hence

€ €
|d(x1,x2) — d(x3,x4)| < d(x1,x3) + d(x2,x4) < 5 + ;=€

Since € > 0 is arbitrary, we get |d(x],x2) — d(x3,x4)| = 0. That d*isa pseudometric
on Y follows by the fact that d is a pseudometric on X and the surjectivity of 2. O
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Proposition 2.18 (i) If h : X — Y is a surjection, A C D(X), and Z C D(Y), then
VacaTdeez(d = COh) =V, cxTeiez(e = ¢ @ h).

(ii) Let D = (X, D), £ = (Y, E) be uniform spaces, h € Mor(D, £) a surjection, and let

A be a base for D.

(a) (Lifting of openness to the closure of a base) If VjcaTecp(d = e © h), then h is
open and H~'(A) is a base for E.

(b) (][ -lifting of openness) If Dy is a subbase for D such that ¥ 4,cp,Jece(do = e ® h),
then \V/deDzleeE(d =e® h)

Proof (i)If e € A and € >, there exist d € A and § > 0 such that U(d, 6, e, €). Since
ACZOh,wehavethate e A CZ O h, by the well-definability lemma we have that
e* € D(Y)and e = ¢* ® h. If ¢ € Z such that d = { ® h, then

U(d,b,e,¢) <> UC O h,d e oh,e).

Since & is onto Y, we get U((,d, e*,€). Since € > 0 is arbitrary, ¢ is in Z i.e., the
required element ¢* of Z is e*.

(ii) (a) This lifting follows from (i) for Z = E. If e € E, then e ® h € D, and since
A is a base for D, if € > 0, there are 6 > 0, d € A such that U(d,d,e ® h,€). By
hypothesis there is ¢’ € E with d = ¢’ ©h, hence U(e’ ®h, §, e ®h, €), and consequently
U(e',8,e,€). Since ¢ € H '(A) and € > 0 is arbitrary, H~!(A) is a base for E.

(b) This lifting follows from (a) and the fact that for every element \/;’:1 dp; of the base
A(Dy) for D (Proposition 2.12)(ii) there exist ey, ..., e, € E such that

\ doi = \/(e: ®h) = (\/e,) © h.
=1

i=1 i=1

The [ ]-lifting of openness is used in the proof of Theorems 3.15 and 6.6.

Definition 2.19 If D = (X, D) and £ = (Y, E) are uniform spaces, the product uniform
space is the pair D x £ = (X x Y, D x E), where
ecE
DxE::H {dom |deDlUfeom |ecE}] = Hd@m,e@m,
deD
my is the projection map of X X ¥ on X and m; is the projection map of X X Y on Y. If
A C X is inhabited, the relative uniform space on A is the pair D)4 = (A, D}5), where

Dy = H{d|A><A |d € D} = H diaxa-
deD
An isomorphism h between D and &y, is called a uniform embedding of D into £.
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According to Beeson [2], p.44, if A is a rule which associates to every element i of a
set I a set A;, the infinite product [ [;.; A; is defined by

14 = {f € R, | JAG) | Vier(FG) € A(i»},

i€l i€l

where the exterior union Uie ;Ai is defined by Richman (see Ex. 2 in [7], p.78). If A
associates to every element of  the set X, we denote the product [[;., X by X!. Since
X! = F(1,X), the exterior union is avoided in this case.

Definition 2.20 If X is a rule which associates to every element i of a set I a setoid
(Xi,=i), and D is a rule which associates to every element i of / a set D; C D(X;), such
that D; = (X;, D;) is a uniform space, the I-product of the uniform spaces D; is the pair

icl
HD,’ = <HX,’, H d@w,-),
i€l i€l deD;
where w; is the i-th projection function from Hie 1 Xi to X; i.e., w(f) = f(i), for every
f €1lic;Xi and every i € I. If D = (X, D) is a uniform space and to each element of /
the sets X and D are associated, we denote the /-product of D by

iel
D= <X1, Hde’)'

deD

It is easy to see that D x E is the least uniformity on X x Y such that m, m are
in Mor(D x £,D) and in Mor(D x &, &), respectively, and that D x £ satisfies the
universal property of the product. The following two propositions are easy to show.

Proposition 2.21 If Dy C D(X) and Ey C D(Y), and A C X inhabited, then
HD() X HE() = H [{d()@ﬂ] |d0 GDo}U{e()@?TQ ‘ € GEQ}]

ep€Ey

= [[ doom e0om,
doE€Dy

(HD()) “o [T{dopxa | do € Do} =: ] dojaxa-

dyEDy

Proposition 2.22 Let D = (X, D) be a uniform space, xo € X, and d € D(X).

(i) The mappings ;i : X — X x X and iy, : X — X x X, defined by x — (x, xo), and
x — (xp,x) forevery x € X, respectively, are uniform embeddings of D into D x D.
i) Ifd ®©m € D xD,oritd®m € DX D, thend € D.
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It is easy to see that the previous equalities hold for the 7-product of uniform spaces too.
The next fact is also immediate to show.

Proposition 2.23 Let D = (X,D) and £ = (Y, E) be uniform spaces and h: X — Y.
(i) h € Mor(D, €) if and only if h € Mor(D, Exx)).
(ii) If h is an open morphism from D to £, h is open as a morphism from D to & x)-

If h € Mor(D, 5| h(x)) 18 open, it is not necessarily open as an element of Mor(D, £);
if d € D and €’ € Ejx) with d = €' © h, it is not necessary that ¢’ = e|,ix)xncx)» for
some e € E.

Definition 2.24 If (X, p) is a metric space, we call the uniformity

D) =[[{r} =]]r

on X the metric uniformity on X generated by p, and D(p) = (X, D(p)) the metric
uniform space generated by p. The uniform space

R = (R,D(dRr))

is the uniform space of reals. An I-product R! of R is called a Euclidean uniform
space.

If I =n:={1,...,n}, then by Proposition 2.21 we have that
n
p@ry' = ([[dr) =[Tdr@m,....dr© 70 = [[ drys -,

since dr © m; = dn,, for every i € n. In the classical literature, see e.g., [21], p.224, and
in the constructive one, see [7], p.124, an element of Mor(D, £) is called a uniformly
continuous function. Because of Proposition 2.25(ii) the notion of a morphism between
uniform spaces is a generalization of a uniformly continuous function between metric
spaces. As we show though in Theorem 6.9, the notion of morphism between uniform
spaces can also be reduced to other notions of continuity, like Bishop continuity. Next
proposition has an immediate proof.

PropositioLZ.ZS Let (X, p), (Y,0) be metric spacesand h : X — Y.

@ [Ip={r}
(ii) h € Mor(D(p), D(0)) if and only if h is uniformly continuous.

Definition 2.26 If D = (X, D) is a uniform space, we denote by M(D) the set
Mor(D,R) and by M*(D) the bounded elements of Mor(D, R).
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The next fact follows easily.

Proposition 2.27 Let D = (X, D) be a uniform space and h : X — R.
(i) he M) < d, €D.
(ii) D is bounded if and only if M(D) = M*(D).

By Proposition 2.27(i), the fact that dz, = Oxxx, for (3), and (Dg), for (4), we get
(1) M(D)={heFX)|d, €D},
2 M*(D)={heFX)|dyec D},
3) Const(X x X) C M*(D),
4 {d|d € D,x € X} C M(D).

The next result, which is found as an exercise in [21], p.237, and is included here for
the sake of completeness, has its analogue in the theory of Bishop spaces, namely that a
Bishop topology is the set of Bishop morphisms from the Bishop space to the Bishop
space of reals (see footnote in Definition 4.2). Its proof is straightforward.

Proposition 2.28 Let D = (X, D) be a uniform space and e € D(X).
(i) e € D ifand only if e € M(D x D).
(ii) e € D* ifand only if e € M*(D x D).

The hypothesis e € D(X) in the formulation of Proposition 2.28 is used in the proof of
both implications of case (i), and it is also necessary, since the constant maps are in
M*(D x D), but, except from Oxxyx, they don’t satisfy the properties of a pseudometric.

Definition 2.29 If /1 : X x X — R and xo € X, we define the functions 72, h, ., h :
X — R, by WA (x) = h(x,x), hy,(x) 1= h(xq,X),x, h(x) := h(x,x0), for every x € X,
respectively. If g : X — Y, we define g/ : X x X — Y x Y by gl¥(x;,x) =
(g(x1), g(x2)), for every x1,x, € X.

The next proposition follows easily.
Proposition 2.30 Let D = (X, D), £ = (Y, E) be uniform spaces and xy € X.

() Ifh: X x X — R such that h € M(D x D), the maps h*, hy, and ,h are in M(D).
(ii)If g : X — Y, then g € Mor(D, £) if and only if g!?! € Mor(D?, £2).
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3 Separating uniformities

Definition 3.1 If D is a uniformity on X, its canonical point-point apartness relation
Mp on X is defined, for every x,y € X by

x Mp y := Jaep(d(x,y) > 0).

If M, is tight?, then D is called a tight uniformity. A subset A of D(X) is a separating
set of pseudometrics, if

Veyex (Vaea(d(x,y) = 0) = x = y).

If D is separating, we call D separated by D, or simply separated.

Next characterization of tightness follows immediately, while the easy to show Proposi-
tion 3.3 implies that a metric uniformity D(p) is separating.

Proposition 3.2 If D is a uniformity on X, then D is tight if and only D is separating.

Proposition 3.3 If Dy is a subbase of a uniformity D on X, then D is separating if
and only if Vyyex(Vayep, (do(x,y) = 0) = x = y).

Corollary 3.4 If (D = (X, D) is a uniform space and A is a base for D, then D is
separating if and only if A is separating.

Next proposition is also easy to show.

Proposition 3.5 Let D = (X, D) and £ = (Y, E) be uniform spaces.

(i) If h is an isomorphism between D, £ and D is separating, then E is separating.
(ii) If A C X is inhabited and D is separating, then D), is separating.

(iii) D x E is separating if and only if D, E are separating.

Definition 3.6 If D = (X, D) is a uniform space and ¢ : X — Y is a surjection, the
quotient uniformity Dy on Y with respect to ¢ is defined by
Dy:={ec D) |e® ¢ € D},

and the quotient uniform space with respect to ¢ is the pair Dy = (¥, D).

°A point-point apartness relation X on X is called tight, if V, yex(—(x X y) — x =y). The
equivalent formulation of the tightness of X, given in Proposition 3.2, is part of Bishop’s
definition of an equalizing family of pseudometrics found in [6]. In the classical literature, see
e.g., [21], the term Hausdorff uniformity is used instead. Here we use similar terms for the
corresponding notions within the theory of Bishop spaces (see Definition 4.2).
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That Dy, is a uniformity on Y is shown through Proposition 2.14(i), (ii) and (iv), since
for these equalities # need not be a morphism, just a function from X to Y.

Proposition 3.7 Suppose that D = (X, D), B = (Z, B) are uniform spaces, E is a
uniformity on Y, and ¢ : X — Y is a surjection.

(1) Dy is the largest uniformity on Y with respect to which ¢ is a morphism.

(ii) A function h : Y — Z is in Mor(Dy, B) if and only if h o ¢ € Mor(D, B).

(iii) If ¢ is an open morphism with respect to D and E, then E = D.

Proof (i) This is immediate from the definition of a morphism between uniform spaces.
(i1) By Proposition 2.14(vii) we have that

h € Mor(Dy, B) <+ Vpep(b © h € Dy)
< Voep(bO ) © ¢ € D)
< Vipep(b © (ho ¢) € D)
< ho ¢ € Mor(D, B).

(iii) Since ¢ € Mor(D, £), by (i) we get E C Dy. If d € Dy ice., d ® ¢ € D, then
by the supposed openness of ¢ there is some e € E such that d © ¢ = e © ¢. By
Proposition 2.14(viii) we get d = e, and hence Dy, C E. |

Proposition 3.8 If D = (X, D) is a uniform space, we define
x1 ~ x 1= Vaep(d(x1, x2) = 0),

for every x1,x; € X. Let X/~ be the set of all equivalence classes of the equivalence
relation ~, let T : X — X/~ be the map defined by x — [x]~., for every x € X, and
D. = (X/~, D) the quotient uniform space with respect to .

(i) For every d € D, the mapping d: X/~ x X/~ — R, defined by Zi([xl]N, [x2]~) =
d(x1,xp), for every x1,x, € X, is a well-defined pseudometric on X/~ that is in D .
(ii) 7 is an open morphism from D to D...

(iii) The map ~: D — D, defined by d — d, for every d € D, is a uniformity
epimorphism.

Proof (i) and (ii) If d € D, d is well-defined; if x;,x2,x3,xs € X with x; ~ x3 and
X2 ~ x4, then |d(x1, x2) —d(x3, x1)| < d(x1,x3)+d(x2,x4) = 0, hence d([x1]~, [x2]~) =
d(x1,x2) = d(x3,xs = d([x3]~, [x4]~). The fact that d is a pseudometric on X/~ is
trivial. Since (d ® m)(x1,X2) = Zi(ﬂ(xl), w(x2)) = d(x1,x7), for every x1,x2 € X, we
get d © 7 = d, therefore d € D, . The last equality shows that 7 is an open morphism.
(iii) First we show that it is a surjection; if e € D i.e., e ® m € D, then coOT=e,
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since (¢ © m)([x1]e, [x2]2) = (e © M1, x2) = ellx]e, [x2].), for every x1,x; € X.
The properties of a uniformity homomorphism follow immediately for ™. |

The next result shows that it suffices to work with uniform spaces with separating
uniformities. Its proof is a translation of the classical Stone-Cech theorem for topological
spaces, which expresses a similar sufficiency of the completely regular topological
spaces (see [46], p.6). Note thatin [21], p.219, a different result motivated the sufficiency
of uniform spaces with a separating uniformity.

Theorem 3.9 (Stone—éech theorem for uniform spaces) If D = (X, D) is a uniform
space, there exists a uniform space pD = (pX, pD) and a mapping 7x : X — pX €
Mor(D, pD) such that the following hold.

(i) The uniformity pD is separating.

(ii) The induced mapping Tx : pD — D of 7x is a uniformity isomorphism.

(iii) If d € D, there is a unique pd € pD such that the following diagram commutes

x4
XXX —— pX x pX

By

R.

Proof Let pX := X/~, pD := D, and 7x = 7, where ~ is defined in Proposition 3.8.
(i) By Proposition 3.8, if x;,x; € D, we have that

Viep (d([x1]~, [x2]2) = 0) > Vaep(d(x1, x2) = 0) 5 x1 ~ x3 4+ [x1] = [x2].

(ii) By Proposition 3.8(iii) every element of D, is of the form d, for some d € D,
hence the induced mapping II of r is defined by II(d) = d ® m = d. The fact that
II is a uniformity homomorphism follows immediately. Its inverse is the uniformity
homomorphism ~, defined in Proposition 3.8(iii), since d = d »E> d and d &E> dSd,
for every d € D. We define Tx = II.

(iii) It follows immediately, if we define pd = d. a

Proposition 3.10 Let D = (X, D) be a uniform space.
(i) If Dy is a subbase for D, then pDy = {pdy | dy € Dy} is a subbase for pD.
(ii) If A is a base D, then pA = {pd | d € A} is a base for pD.

Proof (i) We show that p[[ Dy = [[pDy. Since pdy € pD, for every dy € Dy,
L1 pDo C pD. By a simple induction on [[ Do we get {pd | d € [[ Do} C [] pDo.
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(ii)) If d € D and € > 0, there are 6 > 0, d € A with U(d',d,d,¢). Since
pd'([x1]~, [x2]~) = d'(x1,x2) and pd([x1]~, [x2]~) = d(x1,x2), for every xi,x; € X,
we get U(pd', 8, pd, €). O

Definition 3.11 We call ® C F(X) separating, if
Viyex(Vrea(f(x) =f() = x = y).

The set ® induces the equivalence relation ~ on X defined by x| ~ x; := Vrea(f(x) =
fO)), forevery x1,x; € X. If f € @, the map pf : X/~ — R, defined by pf([x]~) =
f(x), is, by the definition of ~, well-defined. Moreover, we define p® := {of | f € ®}.

Definition 3.12 A uniform space D = (X, D) is called functionally determined, or an
f -uniform space, and D is called an f -uniformity, if there exists ® C F(X) such that

D=1]]d

fe@

In this case we say that ® determines D, or that @ is a determining family for D. We
denote by f-Unif the full subcategory'® of f -uniform spaces of Unif.

If & C F(X) and ~ is the equivalence relation on X generated by the family of
pseudometrics {dy | f € ®}, then for every xi,x, € X we have that

x1 ~ x2 = Vyea(dr(x,y) = 0)
< Vrea([f(x) — f(»)| = 0)
< Vrea(f(x) = f()

=X R X2

Proposition 3.13 Let D = (X, [[;cq dp), € = (¥, [1,c dg) be £ -uniform spaces.

(i) The product D x £ is an £ -uniform space.

(ii) If A C X is inhabited, the relative space D\, is an £ -uniform space.

(iii) erq, dy is separating if and only if ® is separating.

Proof (i) and (ii) Since ® C F(X) and © C F(Y), if we define the the sets
Pom:={fom |fe P} CFXxY),
Oom:={gom|geO®O CFXXY),

Dy = {fia | f € 2} C F(A),

1%For all categorical notions mentioned here we refer to [1], or [27].
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geO®
(114) (114) - mo
fe® geo® fed
gEeO®

= H dfoﬁl ; dgoﬁz
fed
g'€Bom,

= H dpr dy!,

fledom;

(de> " = H(df)|A><A = Hd(f‘A) = H dpnr.

fed fed fed F1ED),

(iii) By Proposition 3.3 and the equivalences Vrca(dr(x,y) = 0) < Vrca([f(x) —f(0)| =
0) <> Vrea(f(x) = f(»)). o

Proposition 3.14 Let D = (X, D), € = (Y, E) be £ -uniform spaces.
(1) pD is an £ -uniform space.

(i) p(D x &) = pD x p&.

(iii) If A C X is inhabited, then p(D4) = (pD)}4 -

Proof Let D = er<1> dy and E = ng@ dg, x1,Xx2,x3,%4 € X, and f € ®.
(i) Working as in the proof of Proposition 3.10(i) we get p [ ;g df = [[;cq pdy- Since
(pde)([x1]~, [x2]~) = dp(x1,x2)
= [f(x1) = f(x2)]
= |(pNH([x1]~)
= (pN([x2]~)|
= dy([x1]~, [x2]~),
we get pdy = dyy, forevery f € @, hence p[{rcq dr = [lco pdr = 1 e p0 dor-
(i) We have that
p(dy © m)(([x1]~, [x2]~), (3]~ [X4]2)) = pdror, (([x1]~, [x2]0), ([X3]~, [X4]~))
= dfor, ((x1,X2), (X3, X4))
= [f(x1) — f(x3)|
= dr(x1,x3)
= pdp([x1]~, [x3]~)
= (pdr © T)(([x1]~, [X2]2), ([x3]~, [xa]~))
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ie., pldr © ) = pdr © 7. Similarly we get p(dg © ™) = pd, © m>. Using (i) we get

geO®
p(DXE)zp(de@ﬂ'l,deﬂ'2>

fed

g€eO

= [ ptdr © 1), p(dy © 72)
fed
g€eo

= H pdr © 1, pdg © T2
fed

= (H Pdf) X < 11 Pdg)

fed g€oO
= pD x pE.

(iii) I a1, a» € A, then

pdg»(lail~, [a2l~) = dg»(ar, az)
= |f(a1) — f(a2)|
=ds(ay,az)
= pdr([ai]~, [a2]~)
= (pdp)jaxallail~, [a2]~)

Le., pd,) = (pdf)axa- Hence by Proposition 3.13(ii) we have that

p(D) = P( I d(fA>> = 11 rdso = TT0dpaxa = ( 1T pdf> = (pD)s-

fed fed fed fed |A
O

Theorem 3.15 (Tychonoff embedding theorem for f-uniform spaces) If D =
(X, erq, dr) is an f-uniform space, then D is separated if and only if D is uni-
formly embedded into the Euclidean uniform space R .

Proof By Proposition 3.13(iii) D is separated if and only if & is separating. If D is
separated, we define the mapping ey : X — R?®

X — X,

X(f) = f0),
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forevery x € X and f € ®. By Proposition 2.21 for a ®-product we get

D(dr)® = (Hde) = [T dr @ = = [[ d-

feD fee
@
(D(dR) )\:—:X(X) = H(dw,)\aX(X)xax(x)-
fe®

If x,y € X such that ex(x) = ex(y) <+ Vrea(f(x) = f(y), then x = y, since P is
separating. By the ] [-lifting of morphisms we have that

ex € Mor(D, REX(XQ < Vreo <(dwf)|sx(X)><sx(X) Oex € H df>7
=

which holds, since
(@op)jex()xextn) © €x = dy © €x = dy,
forevery f € ®;if x,y € X,

(de ©ex)(x, ) = d (£, 9) = |wwr(®) —wr()| = [2() =) = [f)—f W) = df(x, y).

Since df = (duwy )|y (x)xex(x) © €x, for every f € @, by the [ [-lifting of openness ex is
an open morphism from D to (R(I’)‘ x(x) 1.€., a uniform embedding of D into R®. O

In the previous theorem we avoided the exterior union of sets. If X = R”, then
D(R)" = [ldx,,...,dy, ie., ® = {m,...,m,} determines D(dr)". If X € R", for
the embedding cr» we have that )A_c’(m-) = m;(X) = x; i.e., if we identify ® with n, then
ere 1s identified with the identity function on R". Next corollaries are translations of
the corresponding results for topological spaces (see [46], pp.6-7).

Corollary 3.16 If D = (X, D) is a uniform space, £ = (Y, HgE@ dy) is a separated f -
uniform space and h € Mor(D, £), there exists a mapping ph : pX — Y € Mor(pD, £)
such that the following diagram commutes
TX
X —— pX

N

Y.

Proof If ey is the Tychonoff embedding of £ into R, we define i : pX — R® by
[x]~ = ey (h(x)) = (),
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h(x)(g) = g(h(x)),
Since D(dr)® = [I,co dw, > by the []-lifting of morphisms ;1 € Mor(pD, R®)
Veco(dw, © i € pD). By Theorem 3.9 we have that
p(dg © h) o 7')[(2] =d,o h[z],
and if x;,x, € X and g € O, we have that
(Ao, © (311, [12]2) = deg, (XD, B(x2))

= [rC)(@) — h)(2)|

= |g(h(x1)) — g(h(x2))|

= (dg © h)(x1,x2)

= (p(dy © W) ([x1]~, [x2]0)
Le., dg, © p = p(dy © h) € pD. We define ph := 5;1 opu, and if x € X, then
ey o w(lxle) = &y ey (h(0) = h(x). D
Corollary 3.17 If D = (X, D) is a uniform space, £ = (Y, ng@ dy) is an f -uniform

space, h € Mor(D, £), then there exists a mapping ph : pX — pY € Mor(pD, p€)
such that the following diagram commutes

h
X—Y

pX —— pY.
ph

Proof By Proposition 3.14(i) p& is an £ -uniform space. Since 7y o h € Mor(D, p&),
as a composition of morphisms, by Corollary 3.16 we have that

p(tyoh)yoTx =Ty oh,

therefore ph := p(1y o h) is the required mapping. a
Proposition 3.18 The full subcategory £ -Unif of Unif is reflective in Unif.

Proof If D = (X, D) isin Unif, we take the f -uniform space £-D = (X, HheM(D) dy).
By Proposition 2.27(i) Hhe M(D) dy C D. The identity function idy : X — X is in
Mor(D, £-D), since if h € M(D), d, ©idy =d, € D. If £ = (Y, er@ dy) is an
f -uniform space and 6 € Mor(D, £), then u = @ is the unique mapping which makes
the following diagram to commute
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idy
X, D) —— X, nertep) dn)

\u

Y, Hpea dp)-

It remains to show (see [27], p.91) that u € Mor(f-D,&) ie., Vico(dr © u €
HheM(D) dp). If f € ®,then fou = fo6,andsince 0 € Mor(D, &), df © 0 = drop =
dfoy = dy ©u € D, therefore fou € M(D). Consequently, dr ©u € HheM(D) dy,. O

One can show similarly that the correspondence A\(X,D) = (X, Hhe M(D) dy) and
A(B) = 0, for every 8 € Mor(D, £), is a covariant functor from Unif to f-Unif.

Theorem 3.19 If D = (X, D) is a separated uniform space, £ = (Y, E) is a uniform
space, and T € Mor(D, £), the following are equivalent:

(i) T is open.

(ii) The induced mapping T : E — D of T is onto D.

(iii) T is a uniform embedding of D into £ such that

Erx = {epryxrex | € € E}.

Proof The equivalence between (i) and (ii) is immediate. We suppose that 7 is open,
and we show first that 7 is an injection. If xj,xy € X such that 7(x;) = 7(x2), we
show that Vg ep(d((x1,x2) = 0), so that, since D is separating, x; = xp. If d € D, by
hypothesis there exists e € E such that d = e ©® 7, hence d(x1,x2) = (e ©® T)(x1,Xx2) =
e(T(x1), 7(xp)) = 0. Since T is open as a morphism from D to £, by Proposition 2.23(ii)
it is open as a morphism from D onto &, (x) i.e., it is a uniform embedding from D
into £. Clearly, {e;x)xrx) | € € E} C Erx). The inclusion

He|T(X)><T(X) C {ejrxxrx) | € € E}
ecE
follows immediately by showing that {e|T(X)XT(X) | e € E} is a uniformity. Clearly,
0= 0|T(X)><T(X)' If e, ey € E, then
e1jrxxrx) V e2rxrx) = (€1 V e)rx)xrx)-

If e € E and €' € D(7(X)) such that U(e|rx)xr(x)s 05 e,e),then Ule ® 7,0, O T,¢€).
Since this is the case for every € > 0, we get ¢’ © 7 € D. By hypothesis there exists
e" € Esuchthat e’ © 7= e" © 1 = "\ x)xrx) © 7, hence by Proposition 2.14(viii)
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e =" xxrx) -6, € € {ejrx)xrx) | € € E}. For the converse implication, since 7 is
an isomorphism between D and E(x), if d € D, there exists ¢’ € {e|-xx)xrx) | € € E}
such that d = ¢’ ® 7 i.e., there exists e € E such that d = erxxrx) OT =eOT ie,
T is open as a morphism from D to £. |

4 From Bishop spaces to uniform spaces

In this section we study the relationship between a Bishop space and its generated
uniform space. First we give a definition that corresponds to Definition 2.3 using the
letter U for both relations U(d, d, e, €) and U(g,f,€) to stress the similarity in the
development of the theories of uniformities of pseudometrics and of Bishop topologies.

Definition 4.1 If f,g € F(X), ® C F(X), and € > 0, the uniform closure ® of ® is
®:={f e FX) | U@/},
U(®,f) := Yes0T4ea(U(8, f, €),
U(g.f,€) = Yeex([f(x) — g)| < 6).

We denote by B(R) the set of all Bishop continuous functions of type R — R i.e., those
which are uniformly continuous one every bounded subset B of R with a modulus of
continuity wy p(e), for every € > 0 i.e.,

Veyen (X =y < wgp(6) = |6(x) — ()| < €).

Definition 4.2 A Bishop space is a pair (X, F), where F C F(X) is a Bishop topology
of functions on X satisfying the following conditions:

BSi1)aeR—ax eF.

BSy)f,g€ F—f+g€F.

BS3)feF—=¢eBR)—=>pofecF.

(BS4) F =F.

If G = (Y, G) is a Bishop space, a function & : X — Y is a Bishop morphism, if
ngG(g ohe F)a

h
X —Y

FBgONJgEG

R.
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We denote by Mor(F, G) the set of all Bishop morphisms from F to G. The Bishop
morphisms are the arrows in the category of Bishop spaces Bis. The Bishop space

R = (R,B(R))

is called the Bishop space of reals'!, and B*(R) denotes the set of bounded elements
of B(R). We use the notations M (F) for Mor(F,R) and M*(F) for the bounded
elements of M(F). A topology F is called pseudo-compact, if every element of F is a
bounded function. We denote by F* the topology of bounded elements of F.

It is immediate to see that Const(X) and F(X) are topologies on X, which we call the
trivial and the discrete topology on X, respectively, and that if F' is a topology on X,
then Const(X) C F C F(X). Moreover, if F is a topology on X, F* = FN F*(X) is a
topology on X. A Bishop topology F is a ring and a lattice; since |idr| € B(R), where
idg is the identity function on R, by BS3 we get that if f € F then |[f| € F. By BS;
and BS3 we also get thatif f,g € F,then f-g,f V g,f AN g € F (see [7], p.77).

Definition 4.3 The Bishop closure of Fy, or the least topology \/ Fy generated by
some Fy C F(X), is defined by the following inductive rules:

fo € Fy acR f,g €V Fo
foeVFy' ax€eVFy’' fi+ge\F’

fe VF07 ¢EB(R) (ge \/F07 U(gafae))6>0
¢pofeVFo feVFo

We call Fyy a subbase of \/ Fy, and we also call \/ F the Bishop closure of Fy.

Note that if Fj is inhabited, then the rule of the inclusion of the constant functions
is redundant to the rule of closure under composition with B(R). The most complex
inductive rule above can be replaced by the rule

g1 €V Fo A UGS, 5, g€V Fo A UGS, 5), -
feVF

""We use for simplicity the same symbol R for the uniform space of reals and for the Bishop
space for reals, as the meaning of the symbol is going to be clear in every context. What
corresponds to Proposition 2.28(i) is that if F is a topology on X, then F = Mor(F,R).
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The above rules induce the following induction principle Indx on \/ Fy:

Viher,(P(f0)) —

Vaer(P(ax)) —

Y gevy 7o (P(f) — P(g) — P(f +8)) —

Vrev FoVeeB®R)(P(f) = P(¢ o f)) —

Viey Fo(Vex0Tgey 7, (P(8) N Ug,f,€) = P(f)) —
Vrevy £, (P())

where P is any property on F(X). Through Indz one shows the \/-lifting of Bishop
morphisms: a function 4 : X — Y € Mor(F, Gp) if and only if

vgoEGo(gO ohe F)7

h
X—Y

FBgoO}\JgOGGO

R.

Definition 4.4 If F is a topology on X an Fy C F such that F = \/ Fy is called a
subbase for F. A ® C F such that ® = F, is called ® a base for F. A topology F
is called tight, if the canonical point-point apartness relation induced by F defined by
x Mgy Veep(f(x) = f(y)), for every x,y € X, is tight. A Bishop space with a tight
topology is called a separated Bishop space.

As expected, a topology F is tight if and only if F it is separating (Definition 3.11).

Definition 4.5 Let F = (X, F),G = (Y, G) be Bishop spaces, A C X is inhabited, and
¢ : X — Yisonto Y. The product Bishop space F x G = (X x Y, F x G) of F and
G, relative Bishop space F|4 = (A, F|4) on A, and the quotient topology G4 on Y are
defined, respectively, by

geG

FXG::\/[{fom,|fEF}U{gO7T2|g€G}} =: \/fom,gom

feF

Fia = \/{f|A |f€F}=: \/f|A-

fer

Fy:={gcFY)|gogpeF}
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As in the case of uniform spaces one shows inductively that

\/Fo X \/Go = \/ [{foom,|fo € Fo}U{goom|goe Go}
80€Go
=: \/ foomi, g om,

SoEFo

(\/FO)\A = \/{f0|A | fo € Fo} =: \/ foja-

JoEFo

Next proposition, the proof of which is omitted as straightforward, shows the relation
between the elements of F(X) and their induced pseudometrics.

Proposition 4.6 Suppose that f, g € F(X), a,c > 0, b € R, and ¢ € B(R).
(i) dzy = Oxxx.

(i) dr g < dy + .

(iii) dy 3 = dy.

(iv) dgyn = axdy,.

(V) UG.f, %) = Uldy, 5.y €).

(vi) If f is bounded, then U(dy,w¢ rx)(€), dgpof, €).

(vii) If |f| > Cx, then d% < Ldy.

Next proposition describes the “canonical” uniform space of pseudometrics generated
by some Bishop space and it has a categorical formulation.

Proposition 4.7 Let F = (X, F) and G = (Y, G) be Bishop spaces. The uniform
space generated by F is the pair D(F) = (X, D(F)), where

DF) == [[{ds | f € F} =[] 4.
feF
(i) The mapping T which sends F to 7(F) = D(F) and a function h € Mor(F, G) to
7(h) = h € Mor(7(F), 7(G)) is a covariant tunctor from Bis to f -Unif.
(ii) D(Const(X)) = {Oxxx}, and D(F(X)) = ]_[feF(X) dy.
(iii) F is separating if and only if D(F) is separating.

Proof (i) If 7 € Mor(F,§G), then h € Mor(7(F), 7(G)) < Veeg(dy © h € D(F)).
If g € G, and since d; = dr © g, by Proposition 2.14(vii) we have that d, © h =
(drR©g)®g = dr®(goh) = dgop. Since h € Mor(F,G), goh € F,hence dgo, € D(F).
It is immediate that 7(idx) = id,(x) and if & € Mor(F,G),h € Mor(G, H), where
‘H = (Z, H) is a Bishop space, then 7(h’ o h) = 7(h') o 7(h).
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(i1) This is immediate by Proposition 4.6(i) and by the definition of D(F).
(iii) By Proposition 3.3 D(F) is separating if and only if V, yex(Vrer(dr(x,y) = 0) —
x =Y) < Veyex(Vrer(f(x) = f(y)) — x = y), the separating property of F'. a

Proposition 4.8 If F is a subbase of a pseudo-compact topology F on X, then

p(\/ Fo)= [] -

Jo€EFo

Proof It suffices to show that [[;rdy C [ cf, df,- This we show using induction
on \/ Fy. For the cases f = ax, where a € R, f = fi + f2, and U(g,f, §) we use
the inductive hypotheses, the basic properties of a uniformity and Proposition 4.6(i),
(ii), and (iii), respectively. If f = ¢ o g, where ¢ € B(R) and g € \/ Fy such that
dg € [}, c, df» then by Proposition 4.6(iv) we get U(dg, we,g(x)(€), dgog, €), and since
€ > 0 is arbitrary we conclude that dyog € [1; cf, djy - ]

Corollary 4.9 (i) If 7 is restricted to the full subcategory of pseudo-compact Bishop
spaces Bis™ of Bis, then T preserves products and subspaces.

(i) If F = (X, F) is a Bishop space and Fy, = (Y, Fy) is the quotient Bishop space
with respect to the surjection ¢ : X — Y, then D(Fy) C D(F)y.

Proof (i) Let 7 = (X,F),G = (Y,G) be in Bis* and A C X inhabited. Since
boundedness of functions is a lifted property from a subbase for a Bishop topology to the
topology itself, 7 x G and .7:| 4 are in Bis™. Since df © 7| = dfor, and dy © ™ = dyor,

geG

D(F X G) = H dfom ) dgo7r2
fer
geG

= II(@"C)F],dgC)Wz
feF

(o)« (Taen)

feF geG
= D(F) x D(G),

Since d(f‘A) = (df)|(axa)> We have that

DF) = [[d¢0 = [[@)axa) = DE) 4.
fEF fEF
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(ii) By definition
DFy=[[de= ][] do
geFy gEF(Y),gogEF
D(F)y ={e € DY) | e ® ¢ € D(F)}.
If g€ F(Y) with go ¢ € F,then dy ©® ¢ = dyop € erFdf = D(F). |

Corollary 4.10 Let F = (X, F) be a separated Bishop space.
(i) The uniform space 7(F) is embedded into the Euclidean uniform space R’ .
(i) If Fy is a subbase for F, 7(F) is embedded into the Euclidean uniform space Rf°.

Proof (i) By Proposition 4.7(iii) 7(F) is separated, and we use Theorem 3.15.
(ii) By Proposition 4.8 D(F) = Hfo cr, 4y - 1t 1s easy to show that F is separating if and
only if Fy is separating, and then we use Theorem 3.15. O

Proposition 4.11 Let (X, F) be a Bishop space, f,f' € F, and h € F(X) a positively
non-constant function i.e., h(xp) Xgr h(yo) <> |h(xo) — h(yo)| > 0, for some xo,yo € X.
) Ifd, = df, then h € F.

(i) If d, = dy V dy/, then h € F.

Proof Let g:=h — h(xp)y.
(i) Since |g| = |h - h(xo)X| = V —f(xo)x| € F, |g|*> = g* € F. Moreover,

g—800)x = (h—h(x0)x)—h(yo) — h(x0)y = h—h(xo)x —h(yo)x+h(x0)x = h—h(yo)x-

Hence

‘g—MX‘ = ‘h—mx‘ = V—JWX‘ €F,
g — 200x|” = (¢ — 200)x)” = &* — 22800)x + 00)y € F.

Since g2, g(yo);zf € F, we get —2gg(yo)y € F. Since g(yo) = (h(yo) — h(x0)) Xr 0, we
get g€ F,hence h € F.
(ii) Since |g| = |k — h(xo)x| = |[f — f(xo)x| V |g — g(x0)x| € F, we work as in (i). O

As in the case of uniform spaces one can show that any Bishop topology F on some
X is isomorphic as an algebra and a lattice to a separating topology pF on pX. If we
define the equivalence relation x; = xp <> Veep(f(x1) = f(x2)), for every xi,x, € X
(Definition 3.11), and if 7 = 7 : X — X/~, where x — [x]~, then if pX = X/~
is endowed with the quotient Bishop topology pF = {pf | f € F} = G, where
(pf)([x]~) = f(x), for every [x]~ € pX, the following theorem is proved (see also [32]).
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Theorem 4.12 (Stone-Cech theorem for Bishop spaces) If F = (X, F) is a Bishop
space, there is a Bishop space pF = (pX,pF) and a mapping 7x : X — pX €
Mor(F, pF) such that the following hold.

(1) The topology pF is separating.

(ii) The induced mapping Tx : pF — F of Tx is an algebra and lattice isomorphism.
(iii) If € F, there is a unique pf € pF such that the following diagram commutes

TXx
X — pX

f J of
R.
Proposition 4.13 If F = (X, F) is a Bishop space, then pD(F) = D(pF).

Proof By definition pD(F) = (pX, pD(F)) and D(pF) = (pX, D(pF)), where since
Veer(f(x1) = f(x2)) > Vrer(dr(x1,x2) = 0), for every x1,x, € X, the carrier sets pX
in both structures are the same and therefore the same notation is justified. Moreover,
(pdp)([x1]~; [X2]x) = dp(x1,x2) = [f(x1) — f2)| = [(pN)([x1]x) = (o )[x2lx)| =
dpr([x1]x, [x2]) 1.€., pdf = dy, for every f € F. By Proposition 3.14(i) we get

pD(F) = p( L[df> = [T odr = [T dor = DAer | f € F}) = D(oP).
fEF feF fEF
O

Defining the notion of topological embedding of a Bishop spaces into another, and
the notion of a Euclidean Bishop space R’ in the obvious way, the same embedding
ex : X — RY together with the corresponding \/-lifting of openness for Bishop
morphisms show the Tychonoff embedding theorem for Bishop spaces (see [32]).

Theorem 4.14 (Tychonoff embedding theorem for Bishop spaces) If F = (X, F) is
a Bishop space, F is separating if and only if F is topologically embedded into the
Euclidean Bishop space RF .

Proposition 4.15 If F = (X, F) is a Bishop space, the following diagram commutes
€x
F —— (RN

D(F) 23 DARM) ).
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Proof By definition and by our remark after Definition 4.5 we have that
BR ey = \ (@) excy
fer
while by Proposition 4.8 we have that

D(BRey0) = [ [ i1
fEF

Since ditwp),. 1 = (o) |exx)xex(x)» We get that D(BRYey)) = (RM)jeyy. O

5 From uniform spaces to Bishop spaces

In this section we study a pseudo-compact Bishop topology generated by a uniformity.

Proposition 5.1 Let D = (X, D) be a uniform space.

(i)a € R —ax € M(D).

(ii) hi,hy € M(D) — hy + hy € M(D).

(iii) M(D) = M(D), where M(D) is the uniform closure of M(D).
(iv) It h € M(D) and a > 0, then axh € M(D).

(v) If h € M(D) and ¢ > 0 such that |h| > cx, then % e M(D).
(vi)If h € M*(D) — ¢ € B(R) - ¢poh € M*(D).

(vii) M*(D) is a pseudo-compact Bishop topology on X.

Proof (i)-(vi) follow immediately by Proposition 4.6, by Proposition 2.27(i) and by
Proposition 2.7. Case (vii) follows immediately from (i)-(vi). O

Proposition 5.2 Let D = (X,D) and £ = (Y, E) be uniform spaces. The pseudo-
compact Bishop space generated by D is the pair F (D) = (X, F(D)), where
F(D) := M*(D).

(i) The mapping v which sends D to v(D) = F(D) and a function h € Mor(D, £) to
v(h) = h € Mor(v(D), v()) is a covariant functor from Unif to Bis*.

(i) F({Oxxx}) = Const(X), and F(D(X)) = F*(X).

(iii) D is separating if and only if F(D) is separating.

Proof (i) If & € Mor(D, &) i.e, if Vocp(e ® h € D), then

h € Mor(v(D), v(£)) <> Ygem=e)(g o h € M*(D))
e Vgep*(y)(dg ek — dgoh € D),
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which is the case, since dyop, = dg © h. It is immediate that v(idy) = id,(x) and
if h € Mor(D,€&),h € Mor(€,B), where B = (Z,B) is a uniform space, then
v(h o h) = v(h)ov(h).

(i) Since h € M*(X, {Oxxx}) > di = Oxxx, we show dj, = Oxxx <> h € Const(X).
The less trivial implication is dj, = Oxxx — & € Const(X). If xq inhabits X, and if
h(xg) = a, then h = ay, since if x € X, then dj,(x,xy) = 0 < h(x) = h(xg) = a. For
the second equality we have that a bounded function % : X — R is in M*(X, D(X)) if
and only if dj, € D(X) if and only if & € F*(X).

(iii) Let x,y € X. Suppose that D is separating and Ve pq+(py(h(x) = h(y)). It suffices
to show Vyep(d(x,y) = 0). If d € D and a > 0, then by (D7) the truncation d Aaxxx of
d by a isin D*. By (Dg) we have that day, ). € D, therefore (d Naxxx)x € M*(D).
Note that (d A axxx)x € F*(X), since d A axxx € D*. By our hypothesis

0 = (d N axxx)x(x) = (d N Gxxx)x(y) = (d N axxx)(x, ),

therefore d(x,y) = 0. If F(D) is separating, by Proposition 2.27(i) we get Ve p(d(x,y) =
0) = Vier)(dn(x,y) = 0) <> Ve pmpy((x) = h(y)) — x = y. ]

Proposition 5.3 If D = (X, D) is a uniform space, then pJ (D) = F(pD).

Proof By definition we have that
pF (D) = pX, M*(D)) = (pX, pM* (D)),
F(pD) = F(pX, pD) = (pX, M*(pD)),
pM*(D) = {ph | h € M*(D)} = {ph | h € F*(X),d) € D},
M*(pD) = {h € F*(pX) | dj € pD}.
Note that by the proof of Proposition 5.2(iii) if x,y € X, then Ve pmr+(py(h(x) = h(y)) <+
Vaep(d(x,y) = 0), therefore the two equivalence relations x = y <+ Vje A1y (h(x) =
h(y)) and x ~ y <> Vgep(d(x,y) = 0) are equal, and pX is the same set, either
if pX is the carrier set of (pX, pM*(D)), or of (pX, M*(pD)). First we show that
pM* (D) C M*(pD). Let h € F*(X) such that d, € D. Since (ph)([x]~) = h(x), for
every [x]. € pX, we get ph € F*(X). We need to show that d,, € pD = {pd | d € D}.
If [x]~, [y]l~ € pX, we have that
dpn([x]~, [Y1~) = [(ph)([x]~) — (ph)([y]~)]
= |h(x) — h(y)|
= dp(x,y)
= (pdp)([x]~, [y]~)



34 I Petrakis

ie., dy, = pdy € pD, since by hypothesis dj, € D. Next we show that M*(pD) C
pM*(D). Let ' € F*(pX) such that djy € pD i.e., dy = pd, for some d € D. We
define 4 : X — R by h(x) := I'([x].), for every x € X. Clearly, h € F*(X), since
h € F*(pX). If x,y € X, we have that
dp(x,y) = [h(x) — h(y)|

= |1 ([x]~) — K (Y1)

= dp ([x]~, [y]~)

= (pd)([x]~, [y]~)

=d(x,y)
ie., d, = d € D, hence h € M*(D). Moreover, if [x]. € pX, we have that
(ph)([x]~) = h(x) = K'([x]~) i.e., W' = ph € pM*(D). 0

Proposition 5.4 Let D = (X, D),E = (Y, E) be uniform spaces.

(i) M*(D) x M*(E) C M*(D xE).

(ii) If A C X is inhabited, M*(D); € M*(Dyy).

(iii) If Dy € D(X) and M*[Do] := {fy € F*(X) | d, € Do}, \/ M*[Do] C F(I Dy).

Proof (i) By definition M*(D) = {f* € F*(X) | dy- € D}, M*(£) = {g* € F*(Y) |

dg« € E}, and
dg* €E

MDDy x M*E) = [] from,g om.

df*ED
Since
M DxE={heFXxY)|d,eDxE},
dr» € D — dp» Oy =dpsor, EDXE, dg» €E—dy- © T =dgior, €D XE,
we get {f*om |d~ € D} U{g* om | dy € E} C M*(D X E).
(i1) By definition

heF*(X)
MOy =\ ha,
dyeD
M (D) = {g €EF'(A) |dg €Dy = H dAxA}-

deD
If h € M*(D), then dj, € D and dn,) = (dn)axa, hence hyy € M*(Dy,). Conse-
quently, {h4 | h € F*(X),d, € D} € M*(Dyy).
(iii) By Proposition 2.27(i) we have that

feF([]po) =m* (][ Do) > dy € [] Do
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If fy € M*[Dy], then dy, € Dy C [[ Dy, hence fo € M*([]Dy) i.e., M*[Dg] C
M*(11Do).and \/ M*[Do] € M*(]]Dy). O

Next proposition has an immediate proof.

Proposition 5.5 Let D = (X, D), & = (Y, E) be uniform spaces, and h € F*(X x Y).
(i) Ifd € D and d, = d ® m, then h € M*(D) x M*(E).
(ii)Ife € E and d;, = e ® 7, then h € M*(D) x M*(E).

Next we relate a Bishop space F to v(7(F)) and a uniform space D to 7(v(D)).

Proposition 5.6 Let F = (X, F) be a Bishop space and D = (X, D) a uniform space.
(i) F* C M*(erF dy).
(ii) HheM*(D) d, CD.
(iii) If & C F*(X), then
11 dp =[] 4.

he M* ( Hrco df) fee

Proof (i)If g € F*,then d, € erF dr,and g € M*(erpdf).
(ii) If h € M*(D), then d;, € D, and the inclusion follows.
(iii) If g € ® C F*(X), then d; € [[;cq df, hence g € M*([[;cq dy) and d, €

Hhe M (1w ) dy,. Consequently,
IHec I a
fed he M*(Use dp)
The converse inclusion follows from (ii). O

6 The large uniform space of reals

Definition 6.1 The pair 7(R) = (R, D(B(R))), where according to Proposition 4.7
DBR) = [] ds

$EB(R)
is called the large uniform space of reals, and D(B(R)) the large uniformity on reals.
An I-product 7(R)' of 7(R) is called a large Euclidean uniform space.

Proposition 6.2 The large uniformity D(B(R)) on R is strictly larger than the metric
uniformity D(dRr) and it is also separating.

Proof Since!? idr € B(R) and dr = d(igg), We get D(dr) € D(B(R)) i.e., D(B(R)) is

"1t is immediate to see that B(R) = \/{idr}.
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larger uniformity on R than D(dr). Since a larger uniformity of a separating one is
separating, we conclude that D(B(R)) is separating. To show that D(B(R)) is strictly
larger we use the fact that there are elements of B(R) which are not in C,(R), the set of
real-valued functions that are uniformly continuous on R, like the map ¢y : R — R
defined by ¢p(x) = sin(x?), for every x € R. Hence dy, € D(B(R)) but not in D(dRr),
since if dg, € D(dRr), by Proposition 2.27(i) we get ¢9 € M(R) = Mor(D(dr), D(dr))
and by Proposition 2.25(ii) ¢g is uniformly continuous. O

Definition 6.3 If D = (X, D) is a uniform space, we define
M (D) := Mor(D, 7(R)) = {h € F(X) | Ygenr)(dg ® h = dyoy € D)},
M(D) := Mor* (D, 7(R)).
Proposition 6.4 Let D = (X, D) be a uniform space.
(i) M(D) C M(D) and M:(D) C M*(D).

(i) a € R — ay € M, (D).
(iii) If h € M(D) — ¢ € B(R) = ¢ oh € M (D).

Proof (i) If h € M..(D), then for ¢ = idg we get dj, € D and by Proposition 2.27(i)
h € M(D). The inclusion M%(D) C M*(D) follows now immediately.

(ii) It is immediate from ¢ o ax = ¢(a)y and dya, = Oxxx-

(iii) If & € B(R), then dy © (¢ o h) = dpo(gony = d(Gogyon = dhopy © h € D, since
fo¢eBR)and h € M (D). ad
Proposition 6.5 M(R x R) is strictly larger than M, (R x R).

Proof By Proposition 2.28(i) dr € M(R x R). We show that dr does not belong in
M(R x R). If that was the case, then
VeeBR)(dgpodg € D(dR) X D(dR)).
Let ¢o(x) = sin(x?), for every x € R, for which we know that dys, € D(B(R)) \ D(dR).
If dyyoar € D(dR) X D(dR), then, since by Proposition 2.22(i) the mapping ¢i : R —
R x R, defined by a — (a,0), for every a € R, is in Mor(R,R x R), therefore
dpyodr © 0i € D(dR). If a,b € R though, we have that
[d¢QOdR O] Oi](aa b) = d¢oodR ((Cl, 0)7 (ba O))
= |po(la — 0) — ¢o(|b — O]
= | sin(|a|*) — sin(|b|?)|
= |sin(a®) — sin(b?)|
= d¢0(a7 b)
ie., dpjody © 0 = dg, € D(dr), which is a contradiction. |
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Next follows the “large” version of Theorem 3.15.

Theorem 6.6 If D = (X, erq) dr) is an f -uniform space such that its determining
family ® is closed under composition with B(R), then D is separated if and only if D
is uniformly embedded into the large Euclidean uniform space 7(R)®.

Proof If D is separated, the mapping ex : X — R?, defined in the proof of
Theorem 3.15, is an injection. By Proposition 2.21 we get

® fed fed
DBRN* = ( [] 44)°= [ dsomr= ][] doom
$EB(R) $€BR) $€BR)
fed
P
(D(B(R)) )|€x(X) - H (dgomy)|ex(0)xex ()"
$EB(R)

By the [ [-lifting of morphisms we have that
ex € Mor(D, (T(R)q))\ax(xﬂ < VreaVeeBR) <(d¢osz)|5X(X)><6X(X) Oex € H df)-
fed
If f € ® and ¢ € B(R), then ¢ o f € © and
(dgomy)ex()xex(x) © €X = dpomy © €x = dgsof,
since
[(dpow)|exx)xexx) @ ExI(X, ¥) = dpow, (R, F)
= | (%)) — P(wwr ()|
= |p(x(f)) — ¢G())
= |p(f(x)) — ¢(fF )
= dpor(x,y)
for every x,y € X. By the above equality we also get
df = didgor = didgom; © €x = (didrow;)|ex(X)xex(X) © €X;

for every f € ®. By the | [-lifting of openness ey is an open morphism from D onto
(T(R)‘I’)‘EX(X) i.e., €x is a uniform embedding of D into T(R)‘I’. The converse follows
immediately from Proposition 3.5 and the fact that D(B(R)) is separating. O

Since a Bishop topology is closed under composition with B(R), we get the following.
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Corollary 6.7 If F = (X, F) is a separated Bishop space, then D(F) is uniformly
embedded into the large Euclidean uniform space 7(R)F.

One can show that the remaining properties of a Bishop topology hold for M (D).
Although M7 (D) looks smaller than M*(D), it turns out that the two Bishop topologies
are equal, therefore we lose no bounded morphisms of type X — R, if we replace the
metric uniformity D(dr) on R by the strictly larger uniformity D(B(R)).

Proposition 6.8 If D = (X, D) is a uniform space, then M%(D) = M*(D).

Proof 1t suffices to show M*(D) C M%(D). By definition M*(D) = {h € F*(X) |
dy, € D}. Since B(R) = \/{idr} and d, = dr ® h = dig; © h, the hypothesis
h € M*(D) means that & satisfies the required property d, © h € D for the subbase
idr of the topology B(R). If a € R, then dz, ® h = Oxxx ® h = Oxxx € D. Suppose
next that ¢, ¢2 € B(R) such that dy, ©h € D and dy, © h € D. By Proposition 4.6(ii),
property (Dg) and the inductive hypotheses we have that

Ay +¢, © h = dg,+¢)0n = dipyohy+(roh) < deyoh + deyon € D,

and by (D4) we get dy, 14, ©h € D. If 6,¢ € B(R) and dy © h € D, then
dooy © h = digogyon = dyo(pony- Since h is bounded, ¢ o h is also bounded; h(X)
is bounded, therefore by local compactness of (R, dRr) there is a compact subset K
of R such that #/(X) C K. Since ¢ is uniformly continuous on K we have that
o(h(X)) C ¢(K) C [—M, M], for some M > 0. By Proposition 4.6(iv) we get

U (dgons Wo,(poiyx)(€)s doo(gony €) -

Since € > 0 is arbitrary we get dgo(pon) = dp ©(¢poh) € D. Finally, if ¢, 0 € B(R) such
that U(¢, 0, 5) and dy, © h € D, by Proposition 4.6(iii) we get U(dy, 5, dy, €), therefore
U(dy © h, 5,dg © h,€). Since € > 0 is arbitrary, we conclude that dy © h € D. O

Next result shows that the morphism between uniform spaces “captures” Bishop
continuity when the large uniform space of reals replaces the uniform space of reals.

Theorem 6.9 M(7(R)) = B(R) and M*(7(R)) = B*(R).

Proof By definition we have that

ME@R) ={he FR) |dye [] ds}-
$€B(R)
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First we show B(R) € M, (7(R)); if ¢ € B(R), then trivially dy € ]_[¢€B(R) dy. Next
we show that M(7(R)) C B(R). We fix some bounded B C R and some ¢ > 0. Since
d, € ]_[¢€B(R) dy, there exist § > 0, n € N and ¢1,. .., ¢, € B(R) such that

(dp, V... Vdg,)(x,y) <6 = dy(x,y) <,
for every x,y € X. If we define

wh,B(€) = we, BO) A ... Awg, p(d),

then, if x,y € B such that [x — y| < wj, g(€), we get

[01(0) = d1M] <6, -, |Pn(xX) — G| <6,

therefore (d¢1 V...V d¢n)(x, y) < 4. Hence we get dj(x,y) = |h(x) — h(y)| < €. The
equality M*(7(R)) = B*(R) follows from the equality M(7(R)) = B(R). O

7 Open questions and future work

In this paper we developed the first steps of a constructive theory of uniformities given
by pseudometrics and studied its relation to the constructive theory of Bishop topologies.
The interplay between the theory of constructive uniform spaces of pseudometrics and
the theory of Bishop topologies is analogous to the interplay between the classical
theory of uniform spaces of pseudometrics and the theory of C(X) (see [21], Chapter
15). The following are some of the many problems and open questions that we want to
address in future work.

1. There are more than one ways to associate a Bishop topology to a given uniformity of
pseudometrics. If d € D(X) and D is a uniformity on X, we may define the following
Bishop topologies on X

deD deD*
Fod):= \/ dr, FoD):=\/ds, F3(D):=\/ d..
xeX xeX xeX

Their study is a natural continuation of Section 5.

2. If F = (X, F) is a Bishop space, an element d of D(X) is called F-continuous, if
d € M(F x F). This notion corresponds to that of a continuous pseudometric on a
topological space. We denote by CD(F) the set of F'-continuous pseudometrics on X.
By the \/-lifting of Bishop morphisms we get d € M(F x F) <> idgrod =d € F X F.
Moreover, if f € F, then dy € CD(F); since F is an algebra and closed under |.| we get

dr =|(fom)—(fom)| € FxF.
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It would be interesting to study the algebraic and analytic properties of CD(F).

3. To find a function-theoretic notion of complete uniform space of pseudometrics and
to determine those uniform spaces which have a completion.

4. To find a function-theoretic notion of compact uniform space and to connect it to
already known notions of compact Bishop spaces found in [36] and [39].

5. To study constructively extension theorems for pseudometrics, like the classical result
that a bounded element of a relative uniformity is extended to a bounded pseudometric
in the uniformity of the whole space.

6. To study the uniformities of seminorms and search for appropriate notions of locally
convex Bishop spaces.

We would like to thank the anonymous referees for their instructive comments and
suggestions.
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