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Sequential convergence in Topology

@ Intuitive, not enough, but still important.

@ Limit spaces and related notions capture the “sequential’ part of topology.
© A constructive theory of limit spaces is not elaborated so far.

@ How to add convergence in formal topology is still open.

@ Limit spaces are used in Computability at Higher Types (CHT).

@ Here we study limit spaces and their relation to CHT mostly within BISH.
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Limit Spaces

@ A limit space, or a Kuratowski limit space, or an L*-space, is a pair L = (X, lim),
where X is an inhabited set, and lim € X x XY is a relation satisfying the following
conditions:

(L1) If x € X, then lim(x, x).

(L2) If S denotes the strictly monotone elements of the Baire space N, then
Vaes(”m(xv Xn) - “m(Xv Xa(n)))'
(L3) Urysohn’s axiom: If x € X and x, € XV, then

VaesIges (lim(x, xa(8(n)))) = lim(x, xn).

losif Petrakis Limit Spaces with Approximations



Limit Spaces

@ A limit space, or a Kuratowski limit space, or an L*-space, is a pair L = (X, lim),
where X is an inhabited set, and lim € X x XY is a relation satisfying the following
conditions:

(L1) If x € X, then lim(x, x).

(L2) If S denotes the strictly monotone elements of the Baire space N, then
Vaes (lim(x, xa) — lim(x, Xq(n)))-
(L3) Urysohn’s axiom: If x € X and x, € XV, then
VaesIpes (lim(x, xo (8(n)))) — lim(x, xn).

@ L satisfies the uniqueness property (sequential Hausdorff), if

(La) Y yex ¥y exti (im(x, xa) — lim(y, xn) — x = y).
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Limit Spaces

@ A limit space, or a Kuratowski limit space, or an L*-space, is a pair L = (X, lim),
where X is an inhabited set, and lim € X x XY is a relation satisfying the following
conditions:

(L1) If x € X, then lim(x, x).
(L2) If S denotes the strictly monotone elements of the Baire space N, then
Vaes (lim(x, xa) — lim(x, Xa(n)))'

L3) Urysohn’s axiom: If x € X and x, € XY, then
( Y

VaesIges (lim(x, xa(8(n)))) = lim(x, xn).

@ L satisfies the uniqueness property (sequential Hausdorff), if
(La) Yx,yex ¥y exn (im(x, xp) = lim(y, xp) = x = y).
© L satisfies the weak uniqueness property, if

(Ls) Vierex (lim(x’, x) = x" = x).

losif Petrakis Limit Spaces with Approximations



Proposition (BISH)

Suppose that R < X x XN. Iflim(R) € X x XN is defined inductively by the following
clauses:

(i) R € lim(R) and {(x,x) | x € X} € lim(R),

(ii) lim(R) (x, xn) — lim(R)(x, Xo(n), for each a € S,

(iii) ¥ aes3es (IIm(R) (X, Xa (3(n)))) — lim(R)(x, xn),

then lim(R) is the smallest limit relation including R.

Proposition (BISH)

There is a limit space satisfying the weak uniqueness but not the uniqueness property.

Take R = {(x,xn), (¥, xn)}, where x,y € X s.t. x # y and x, is a not eventually
constant sequence in X. Take lim(R) to be the least limit relation including R defined
as above satisfying the additional condition of the weak uniqueness property. O
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L-spaces

An L-space, or a pseudo-limit space is a pair (X, lim) satisfying (L1), (L2) and (Ls).

Lemma (BISH)

Suppose that (X,lim) is a limit space, x € X and x, € XN such that lim(x, x,). If
a € N such that a(n) > 0 and x',, is the sequence defined by

X/a(k) == X/a(k)+a(k+1)—1 = Xk,
for each k > 0, then lim(x, x",).
An L-space which is not a limit space: (R, rlim), where

rlim(x, xp) 1> Z [x — Xn| < 00.
neN

Clearly, rlim(0, ), while
111111
"rhm(07 17 PRSI R I Bt R )
2°2°4°4° 44
If (R, rlim) was a limit space, we should have that the above sequence of finite
repetitions converges to 0 too.
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Filter Spaces

O A filter space, or a Choquet space, is a pair F = (X, Lim), where X is an inhabited
set, and Lim € X x F(X) is a relation satisfying the following conditions:

(F1) If xe X and Fx = {A < X | x € A}, then Lim(x, Fx).
(F2) F € G — Lim(x, F) — Lim(x, G).
(F3) Veorixonoe(Lim(x, H)) — Lim(x, F).
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Filter Spaces

O A filter space, or a Choquet space, is a pair F = (X, Lim), where X is an inhabited
set, and Lim € X x F(X) is a relation satisfying the following conditions:

(F1) If xe X and Fx = {A < X | x € A}, then Lim(x, Fx).
(F2) F € G — Lim(x, F) — Lim(x, G).
(F3) Veor3xonoe(Lim(x, H)) — Lim(x, F).
@ A convergence space is a pair F = (X, Lim) s.t. (F1), (F2) and
(F4) Lim(x, F) — Lim(x, G) — Lim(x, F n G).
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Filter Spaces

O A filter space, or a Choquet space, is a pair F = (X, Lim), where X is an inhabited
set, and Lim € X x F(X) is a relation satisfying the following conditions:

(F1) If xe X and Fx = {A < X | x € A}, then Lim(x, Fx).
(F2) F € G — Lim(x, F) — Lim(x, G).
(F3) Veor3xonoe(Lim(x, H)) — Lim(x, F).
@ A convergence space is a pair F = (X, Lim) s.t. (F1), (F2) and
(F4) Lim(x, F) — Lim(x, G) — Lim(x, F n G).
Q (F3) — (Fa).
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Spanier’s quasi-topological spaces (1963)

A quasi-topological space is a structure (X, (K — X)kecHTop), Where CHTop is the
category of compact Hausdorff spaces and for each K, K’, K1, ..., K, € CHTop the set
of functions K — X < F(K, X) satisfies the following conditions:

(QT1) The constant function X € K — X, for each x € X.
(QT2) feK—>X > geC(K',K) > gofeK — X.
(QT3) If 1 € F(K1, K),...,fn € F(Kn, K) such that

n

| me(f) = K,

i=1

Veer(k,x)Vi(g o fi € Ki = X),
then g e K — X.
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Bishop's function spaces (1967)

@ A function space is a pair (X, F), where F < F(X,R), called the topology, satisfies
the following clauses:

(FS1) The constant function a € F, for each a € R.

(FS2) f,ge F>f+g,fgeF.

(FS3) fe F—>geC(R,R) > gofeF.

(FSs) f € F(X,R) = Vex03gerYxex (If(x) —g(x)| <€) — f € F.
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Bishop's function spaces (1967)

@ A function space is a pair (X, F), where F < F(X,R), called the topology, satisfies
the following clauses:
(FS1) The constant function a € F, for each a € R.
(FS2) f,ge F>f+g,fgeF.
(FS3) fe F—>geC(R,R) > gofeF.
(FSs) f € F(X,R) = Vex03gerYxex (If(x) —g(x)| <€) — f € F.
@ F(Fo) is the least topology including Fg < F(X,R), defined like lim(R).
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Bishop's function spaces (1967)

@ A function space is a pair (X, F), where F < F(X,R), called the topology, satisfies
the following clauses:

(FS1) The constant function a € F, for each a € R.
(FS2) f,ge F>f+g,fgeF.
(FS3) fe F > geC(R,R) > gofeF.
(FSa) f e F(X,R) = VesodgerVxex(|f(x) —g(x)[ <€) > feF.
@ F(Fo) is the least topology including Fg < F(X,R), defined like lim(R).
© Bishop-Bridges 1985: This definition “should not be taken seriously. The purpose
is merely to list a minimal number of properties that the set of all continuous

functions in a topology should be expected to have. Other properties could be
added; to find a complete list seems to be a nontrivial and interesting problem”.
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The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"EXN(Iim(X,X,,) — evo(xn)),
where if A< X, we define

eva(xn) 1= nyVazny (xn € A).

losif Petrakis Limit Spaces with Approximations



The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"exw(lim(x,x,,) — evo(xn)),
where if A< X, we define
eva(xn) 1= nyVazny (xn € A).

@ A set F € X is called lim-closed, if it is the complement of a lim-open set, and in
CLASS this is equivalent to

Vxex V¥ exti(n © F — lim(x, xa) — x € F).
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The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"exw(lim(x,x,,) — evo(xn)),
where if A< X, we define
eva(xn) 1= nyVazny (xn € A).

@ A set F € X is called lim-closed, if it is the complement of a lim-open set, and in
CLASS this is equivalent to

Vxex V¥ exti(n © F — lim(x, xa) — x € F).

@ A topological space (X, T) induces a limit space (X, lim7), where

. T
lim(x, xp) 1> xp — x.
T
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The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"exw(lim(x,x,,) — evo(xn)),
where if A< X, we define
eva(xn) 1= nyVazny (xn € A).

@ A set F € X is called lim-closed, if it is the complement of a lim-open set, and in
CLASS this is equivalent to

Vxex V¥ exti(n © F — lim(x, xa) — x € F).

@ A topological space (X, T) induces a limit space (X, lim7), where
lim(x, xp) 1> Xn T
T

Q A set D C X is called lim-dense, if

VXEXHd,,eDN (Ilm(X7 dn))
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The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"exw(lim(x,x,,) — evo(xn)),
where if A< X, we define
eva(xn) 1= nyVazny (xn € A).

@ A set F € X is called lim-closed, if it is the complement of a lim-open set, and in
CLASS this is equivalent to

Vxex V¥ exti(n © F — lim(x, xa) — x € F).
@ A topological space (X, T) induces a limit space (X, lim7), where
lim(x, xp) 1> Xn 7 x
T
Q A set D C X is called lim-dense, if

VXEXHd,,eDN (Ilm(X7 dn))

@ (BISH) If D is lim-dense, then D is dense in (X, Tjim).
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The Birkhoff-Baer topology

O Aset O < X is lim-open, or O € T, if
VxeoVX"exw(lim(x,x,,) — evo(xn)),
where if A< X, we define
eva(xn) 1= nyVazny (xn € A).

@ A set F € X is called lim-closed, if it is the complement of a lim-open set, and in
CLASS this is equivalent to

Vxex V¥ exti(n © F — lim(x, xa) — x € F).
@ A topological space (X, T) induces a limit space (X, lim7), where
lim(x, xp) 1> Xn 7 x
T
Q A set D C X is called lim-dense, if

VXEXHd,,eDN (Ilm(X7 dn))

@ (BISH) If D is lim-dense, then D is dense in (X, Tjim).
@ (CLASS) Iis dense in (R, Tcoc), but it is not lim-dense in (R, lim7, ).
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Topological limit spaces and Sequential topological spaces

@ Trivially, lim S lim7;, . A limit space is called topological, if

lim 2 lim.
Tiim
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Topological limit spaces and Sequential topological spaces

@ Trivially, lim S lim7;, . A limit space is called topological, if
lim 2 lim.
Tiim
@ Trivially, 7 S Tiimy- A topological space is called sequential, if

T 2 Timp-
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Topological limit spaces and Sequential topological spaces

@ Trivially, lim S lim7;, . A limit space is called topological, if
lim 2 |7|Tr.: .

@ Trivially, 7 S Tiimy- A topological space is called sequential, if
T 2 Timp-

@ If (X, T) is a sequential space and D is a limy-dense subset of it, then D is dense
in X.
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Topological limit spaces and Sequential topological spaces

@ Trivially, lim S lim7;, . A limit space is called topological, if
lim 2 |7|Tr.: .

@ Trivially, 7 S Tiimy- A topological space is called sequential, if
T 2 Timp-

@ If (X, T) is a sequential space and D is a limy-dense subset of it, then D is dense
in X.

@ An open (closed) subset of a sequential space is sequential.
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New limit spaces from old ones within BISH

Suppose that (X, lim) and (Y,lim) are limit spaces.
Q@ (X x Y,lim) is the product limit space, where

lim((x, ), (%n; yn)) 2> lim(x, xa) A lim(y, yn).
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New limit spaces from old ones within BISH

Suppose that (X, lim) and (Y,lim) are limit spaces.
Q@ (X x Y,lim) is the product limit space, where

lim((x,y), (Xn, ¥n)) :e lim(x, xn) A lim(y, yn).
@ (X — Y,lim) is the function limit space, where
feX =Y 1o ViexV, cxn(lim(x, xn) — lim(f(x), f(xn))),

lim(f, fp) 1 VxexV, cxn(lim(x, xn) — lim(f(x), fa(xn)))-
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New limit spaces from old ones within BISH

Suppose that (X, lim) and (Y,lim) are limit spaces.
Q@ (X x Y,lim) is the product limit space, where

lim((x,y), (Xn, ¥n)) :e lim(x, xn) A lim(y, yn).
@ (X — Y,lim) is the function limit space, where
feX =Y 1o ViexV, cxn(lim(x, xn) — lim(f(x), f(xn))),

lim(f, fp) 1 VxexV, cxn(lim(x, xn) — lim(f(x), fa(xn)))-

@ If AcC X, then (A,lim,) is the relative limit space, where

lim = lim (A x ANy,
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New limit spaces from old ones within BISH

Suppose that (X, lim) and (Y,lim) are limit spaces.
Q@ (X x Y,lim) is the product limit space, where

lim((x,y), (xn, yn)) < lim(x,xn) A lim(y, yn).
@ (X — Y,lim) is the function limit space, where
feX—->Y: o VXE)(VX"ExN(Iim(X,X,,) — lim(f(x), f(xa))),
lim(f, fp) 1 VxexV, cxn(lim(x, xn) — lim(f(x), fa(xn)))-
@ If AcC X, then (A,lim,) is the relative limit space, where
lim = lim (A x ANy,

Q If f: (X,lim) — (Y,lim) is lim-continuous, then f : (X, lim) — (f(X), lim¢(x)) is
lim-continuous.
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Lim! and Hausdorff spaces

(BISH) If (X, Tiim) is a Tz-space, then (X, lim) has the uniqueness property.
The converse doesn't hold in general (Dudley 1964).

Proposition

(CLASS) Suppose that (X,lim) is a limit space, (Y,lim) is a limit space with the
uniqueness property, D is a lim-dense subset of X, and f,g : X — Y are lim-continuous
functions. Then the following hold:

(i) If fip = g|p, then f = g.

(i) If f : (D, limp) — (Y,lim) is lim-continuous, then it has at most one lim-continuous
extension to X.

(iii) The set Z(f,g) = {x € X | f(x) = g(x)} is lim-closed.

(iv) The graph G¢ of f is lim-closed in (X x Y, lim).

(v) If f is 1-1, then (X, lim) has the uniqueness property.
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Useful continuity facts

@ A C X is called a lim-retract of X, if there is a lim-continuous function r : X — A
such that r(a) = a, for each a € A.
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Useful continuity facts

@ A C X is called a lim-retract of X, if there is a lim-continuous function r : X — A
such that r(a) = a, for each a € A.

@ (BISH) If (X,lim),(Y,lim) are limit spaces, A is a lim-retract of X and f :

(A,lima) — (Y,lim) is lim-continuous, then f has a lim-continuous extension
F: (X, lim) = (Y,lim).
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Useful continuity facts

@ A C X is called a lim-retract of X, if there is a lim-continuous function r : X — A
such that r(a) = a, for each a € A.

@ (BISH) If (X,lim),(Y,lim) are limit spaces, A is a lim-retract of X and f :

(A,lima) — (Y,lim) is lim-continuous, then f has a lim-continuous extension
F: (X, lim) = (Y,lim).

©Q If F = for, then F is lim-continuous as a composition of lim-continuous functions,
and F(a) = f(r(a)) = f(a), for each a€ A.
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Useful continuity facts

@ A C X is called a lim-retract of X, if there is a lim-continuous function r : X — A
such that r(a) = a, for each a € A.

@ (BISH) If (X,lim),(Y,lim) are limit spaces, A is a lim-retract of X and f :
(A,lima) — (Y,lim) is lim-continuous, then f has a lim-continuous extension
F: (X, lim) = (Y,lim).

©Q If F = for, then F is lim-continuous as a composition of lim-continuous functions,
and F(a) = f(r(a)) = f(a), for each a€ A.

© (BISH) If (X, lim) and (Y, lim) are limit spaces and f : X — Y is lim-continuous,
then f : (X, Tim) — (Y, Tim) is continuous.
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Useful continuity facts

@ A C X is called a lim-retract of X, if there is a lim-continuous function r : X — A
such that r(a) = a, for each a € A.

@ (BISH) If (X,lim),(Y,lim) are limit spaces, A is a lim-retract of X and f :
(A,lima) — (Y,lim) is lim-continuous, then f has a lim-continuous extension
F: (X, lim) = (Y,lim).

©Q If F = for, then F is lim-continuous as a composition of lim-continuous functions,
and F(a) = f(r(a)) = f(a), for each a€ A.

© (BISH) If (X, lim) and (Y, lim) are limit spaces and f : X — Y is lim-continuous,
then f : (X, Tim) — (Y, Tim) is continuous.

@ (BISH) If (X,lim) is a limit space and (Y,lim) is a topological limit space, then
the converse holds.
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A brief history of sequential convergence

© Fréchet 1906: introduction of L-spaces.
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@ Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
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@ Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
© Hausdorff 1935: generalization of results of Urysohn to L-spaces.
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A brief history of sequential convergence

© Fréchet 1906: introduction of L-spaces.

@ Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
© Hausdorff 1935: generalization of results of Urysohn to L-spaces.

© Kuratowski's Topology | 1958/66.
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A brief history of sequential convergence
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Fréchet 1906: introduction of L-spaces.

Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
Hausdorff 1935: generalization of results of Urysohn to L-spaces.
Kuratowski's Topology | 1958/66.

Kisynski's theorem 1960: a limit space with the uniqueness property is topological.
The classical proof of: “a limit space inducing a Hausdorff topology is topological”
is much easier.
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Fréchet 1906: introduction of L-spaces.

Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
Hausdorff 1935: generalization of results of Urysohn to L-spaces.
Kuratowski's Topology | 1958/66.

Kisynski's theorem 1960: a limit space with the uniqueness property is topological.
The classical proof of: “a limit space inducing a Hausdorff topology is topological”
is much easier.

O Dudley 1964: more results on sequential convergence.

losif Petrakis Limit Spaces with Approximations



A brief history of sequential convergence
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Fréchet 1906: introduction of L-spaces.

Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
Hausdorff 1935: generalization of results of Urysohn to L-spaces.
Kuratowski's Topology | 1958/66.

Kisynski's theorem 1960: a limit space with the uniqueness property is topological.
The classical proof of: “a limit space inducing a Hausdorff topology is topological”
is much easier.

Dudley 1964: more results on sequential convergence.

Franklin's characterisation theorem of sequential spaces 1965: a space is sequential
iff it is the quotient of a metric space.
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A brief history of sequential convergence

(]
(2]
o
(%]
(5]

© 0

Fréchet 1906: introduction of L-spaces.

Urysohn 1926: introduction of his axiom and of Fréchet-Urysohn spaces.
Hausdorff 1935: generalization of results of Urysohn to L-spaces.
Kuratowski's Topology | 1958/66.

Kisynski's theorem 1960: a limit space with the uniqueness property is topological.
The classical proof of: “a limit space inducing a Hausdorff topology is topological”
is much easier.

Dudley 1964: more results on sequential convergence.

Franklin's characterisation theorem of sequential spaces 1965: a space is sequential
iff it is the quotient of a metric space.

60’s, 70’s and 80’s: multivalued convergence, theory of sequential envelopes, se-
quential regularity (Dolcher, Novdk, Kamiriski, Koutnik, Fri¢ and others)
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Limit spaces in CHT

@ Scarpellini 1971: introduced the category of limit spaces over N with the discrete
limit relation limy as a model for bar recursion of finite types.
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Limit spaces in CHT

@ Scarpellini 1971: introduced the category of limit spaces over N with the discrete
limit relation limy as a model for bar recursion of finite types.

@ Hyland 1975, 1979: he used filter spaces as a model for recursion theory in higher
types. The importance of limit spaces (sequential or filter ones) w.r.t. CHT lies
in the fact that they form a cartesian closed category, which is the categorical
formulation of “closure under explicit definition and A-abstraction”, a property not
shared by the category of general topological spaces.
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Limit spaces in CHT

@ Scarpellini 1971: introduced the category of limit spaces over N with the discrete
limit relation limy as a model for bar recursion of finite types.

@ Hyland 1975, 1979: he used filter spaces as a model for recursion theory in higher
types. The importance of limit spaces (sequential or filter ones) w.r.t. CHT lies
in the fact that they form a cartesian closed category, which is the categorical
formulation of “closure under explicit definition and A-abstraction”, a property not
shared by the category of general topological spaces.

© Under the influence of the work of Ershov and Scott, CHT was connected in the
80’s and 90's mainly with the development of domain theory.

losif Petrakis Limit Spaces with Approximations



Limit spaces in CHT

@ Scarpellini 1971: introduced the category of limit spaces over N with the discrete
limit relation limy as a model for bar recursion of finite types.

@ Hyland 1975, 1979: he used filter spaces as a model for recursion theory in higher
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(sequential or filter) limit spaces was from the beginning evident e.g., general ideas
of the proof of an effective density theorem of Hyland 1979 have their domain-
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Limit spaces in CHT

@ Scarpellini 1971: introduced the category of limit spaces over N with the discrete
limit relation limy as a model for bar recursion of finite types.

@ Hyland 1975, 1979: he used filter spaces as a model for recursion theory in higher
types. The importance of limit spaces (sequential or filter ones) w.r.t. CHT lies
in the fact that they form a cartesian closed category, which is the categorical
formulation of “closure under explicit definition and A-abstraction”, a property not
shared by the category of general topological spaces.

© Under the influence of the work of Ershov and Scott, CHT was connected in the
80’s and 90's mainly with the development of domain theory.

@ The interplay of notions and methods between domain theory and the theory of
(sequential or filter) limit spaces was from the beginning evident e.g., general ideas
of the proof of an effective density theorem of Hyland 1979 have their domain-
theoretic counterpart in the later work of U. Berger.

© A scholar who in the most evident way expresses the interplay between these two
approaches in CHT is Dag Normann.
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A bit more on limit spaces in the literature

@ The category Lim and its relation to Seq, Equ, wEqu (Scott, Simpson, Rosolini,
Bauer).
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A bit more on limit spaces in the literature

@ The category Lim and its relation to Seq, Equ, wEqu (Scott, Simpson, Rosolini,
Bauer).

@ Schréder 2001-: study of weak limit spaces and their relation to TTE, effective
version of Kisynski's theorem.

@ So far use of classical logic.

@ M. Escardd-Xu 2013: they define a category of concrete sheaves, called C-spaces,
forming a locally cartesian closed category modeling Gédel's T and dependent
types. C-spaces as a constructive analogue (within BISH) of quasi-topological
spaces.
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Normann's Program of Internal Computability (I1C)

O Normann 1982: “the internal concepts [of computability] must grow out of the
structure at hand, while external concepts maybe inherited from computability over
superstructures via, for example, enumerations, domain representations, or in other

ways”
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structure at hand, while external concepts maybe inherited from computability over
superstructures via, for example, enumerations, domain representations, or in other

ways”
@ Normann 2000-: series of papers elaborating the main ideas of IC.
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O Normann 1982: “the internal concepts [of computability] must grow out of the
structure at hand, while external concepts maybe inherited from computability over
superstructures via, for example, enumerations, domain representations, or in other
ways”

@ Normann 2000-: series of papers elaborating the main ideas of IC.

© Motivation:

@ “the weaker tools we use to obtain a result, the more extra knowledge can be obtained
from the process of obtaining the result”

@ ‘“proofs are simpler”

@ “the internally computable functions are defined from elements, relations and functions
present in the structure, using acceptable operators that form new functions. The problem
will be to decide what the acceptable operators are”

@ “on the one hand one does not have to translate everything to the set of representatives,
and on the other hand an internally defined object will always be well defined”
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Normann's Program of Internal Computability (I1C)

O Normann 1982: “the internal concepts [of computability] must grow out of the
structure at hand, while external concepts maybe inherited from computability over
superstructures via, for example, enumerations, domain representations, or in other
ways”

@ Normann 2000-: series of papers elaborating the main ideas of IC.

© Motivation:

@ “the weaker tools we use to obtain a result, the more extra knowledge can be obtained
from the process of obtaining the result”

@ ‘“proofs are simpler”

@ “the internally computable functions are defined from elements, relations and functions
present in the structure, using acceptable operators that form new functions. The problem
will be to decide what the acceptable operators are”

@ “on the one hand one does not have to translate everything to the set of representatives,
and on the other hand an internally defined object will always be well defined”

@ Soundness criterion: an internally computable object is externally computable.

© There are externally computable objects which are not internally computable
[the Fan functional is Kleene-computable (it has a representative with a recursive
associate), but it is not S1-S9 definable over the total Kleene-Kreisel functionals].
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The core of IC

@ Mainly limit spaces are used.

@ It is “useful to see how far we can get towards constructing an effective infras-
tructure on such spaces without introducing superstructures and imposing external
notions of computability on the given structures ... One way to create a useful part
of an infrastructure will be to isolate a dense subset that in some way is effectively
dense.”.
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dense.”.

© Although Normann is working in CLASS, we work mostly in BISH.
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@ Normann 2008 presented Kleene's countable functionals over N using limit spaces
and the corresponding density theorem using the notion of the nth approximation
of a functional, for each n e N.
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The core of IC

o
(2]

Mainly limit spaces are used.

It is “useful to see how far we can get towards constructing an effective infras-
tructure on such spaces without introducing superstructures and imposing external
notions of computability on the given structures ... One way to create a useful part
of an infrastructure will be to isolate a dense subset that in some way is effectively
dense.”.

Although Normann is working in CLASS, we work mostly in BISH.

Normann 2008 presented Kleene's countable functionals over N using limit spaces
and the corresponding density theorem using the notion of the nth approximation
of a functional, for each n e N.

Here we generalize Normann's presentation by defining two new subcategories of
limit spaces, Appr and Gappr and connect them to later work of Normann.
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The core of IC

@ Mainly limit spaces are used.

@ It is “useful to see how far we can get towards constructing an effective infras-
tructure on such spaces without introducing superstructures and imposing external
notions of computability on the given structures ... One way to create a useful part
of an infrastructure will be to isolate a dense subset that in some way is effectively
dense.”.

© Although Normann is working in CLASS, we work mostly in BISH.

@ Normann 2008 presented Kleene's countable functionals over N using limit spaces
and the corresponding density theorem using the notion of the nth approximation
of a functional, for each ne N.

© Here we generalize Normann's presentation by defining two new subcategories of
limit spaces, Appr and Gappr and connect them to later work of Normann.
@ Dense sets are very direct to find in Appr and Gappr.

@ As Scott's information systems have the approximation objects (tokens and formal
neighborhoods) as primitive notions, forming a constructive counterpart to abstract
algebraic domains, the approximation functions in a limit space with approximations
are given beforehand too.
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Limit spaces with approximations

O A limit space with approximations is a structure A = (X, lim, (Appr,,)nen) such
that (X,lim) is a limit space, and, for each n € N the approximation functions
Appr,, : X — X satisfy the following properties:

(A1) Appr,, is lim-continuous.

(A2) Appr,(Appr,(x)) = APPImin(n,m)(x), for each x € X.

(A3) = Appr,(X) = {Appr,(x) | x € X} is an inhabited finite set.
(As) I|m(x xn) — lim(x, Appr,(xn)), for each x € X and x, € XN.
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O A limit space with approximations is a structure A = (X, lim, (Appr,,)nen) such
that (X,lim) is a limit space, and, for each n € N the approximation functions
Appr,, : X — X satisfy the following properties:

(A1) Appr,, is lim-continuous.
(A2) Appr,(Appr,(x)) = APPImin(n,m)(x), for each x € X.
(A3) Dn = Appr,(X) = {Appr,(x) | x € X} is an inhabited finite set.
(Ag) lim(x, xs) — lim(x, Appr,(xs)), for each x € X and x, € XV,
@ Corollary 1: (As) Appr,(Appr,(x)) = Appr,(x).
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Limit spaces with approximations

O A limit space with approximations is a structure A = (X, lim, (Appr,,)nen) such
that (X,lim) is a limit space, and, for each n € N the approximation functions
Appr,, : X — X satisfy the following properties:

(A1) Appr,, is lim-continuous.
(A2) Appr,(Appry, (X)) = APPIyin(n,m)(X), for each x € X.
(A3) Dn = Appr,(X) = {Appr,(x) | x € X} is an inhabited finite set.
(Ag) lim(x, xs) — lim(x, Appr,(xs)), for each x € X and x, € XV,
@ Corollary 1: (As) Appr,(Appr,(x)) = Appr,(x).
@ Corollary 2: n< m — D, S Dp,.
O Corollary 3: B = {D, | n€ N} is a countable filter base on X.
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Limit spaces with approximations

O A limit space with approximations is a structure A = (X, lim, (Appr,,)nen) such
that (X,lim) is a limit space, and, for each n € N the approximation functions
Appr,, : X — X satisfy the following properties:

(A1) Appr,, is lim-continuous.

(A2) Appr,(Appr,(x)) = APPImin(n,m)(x), for each x € X.

(A3) Dn = Appr,(X) = {Appr,(x) | x € X} is an inhabited finite set.

(Ag) lim(x, xs) — lim(x, Appr,(xs)), for each x € X and x, € XV,

Corollary 1: (As) Appr,(Appr,(x)) = Appr,(x).

Corollary 2: n < m — D, S Dp,.

Corollary 3: B = {D, | n € N} is a countable filter base on X.

00600

A structure A satisfying (As), (A3) and (A4) is a limit space with general approx-
imations.
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Density theorem

(BISH) If A is a limit space with (general) approximations and x € X, then

D=UD,,

neN

lim(x, Appr,(x)), and the set

is an enumerable dense subset of (X, Tiim)-

Proof.

By (A4), considering the constant sequence x, we get lim(x,x) — lim(x, Appr,(x))
i.e., D is a lim-dense subset of X. Therefore, D is a dense subset of (X, Tjim). D is
enumerable. O
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Extension theorem

For each function f defined on D there is a sequence of lim-continuous functions
which extend uniformly arbitrary big “parts” of f.

Proposition

(BISH) If A is a limit space with approximations, then

(i) Each set D, is a lim-retract of X.

(i) If (Y, lim) is a limit space, any lim-continuous function f, : (Dp,limp,) — (Y, lim)
has a lim-continuous extension F, : (X,lim) — (Y, lim).

(i) If f : (D,limp) — (Y,lim) is lim-continuous, then there is a sequence (Fp)n of
lim-continuous functions F, : X — Y such that, for each n,

FnlD,, = f\D,, and F"+1\D,, = FH\D,,-

Proof.

(i) Since each Appr, : (X, lim) — (X, lim) is lim-continuous, each Appr, : (X, lim) —
(Dn, limp,) is lim-continuous too. Since any a € Appr,,(X) has the form Appr,(x), for
some x € X, we get that Appr,(a) = Appr, (Appr,(x)) = a.

(i) Then a lim-continuous function f, : (Dp,limp,) — (Y,lim) has a lim-continuous
extension F.

(iii) fn = fip, is extended to a lim-continuous function F, : X — Y, and by D S Dj11
we get that FN+1|D,, = Fn\Dn: for each n. O
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Product of limit spaces with approximations

Proposition

(BISH) If (X, lim, (Appr,,)nen) and (Y, lim, (Appr,)nen) are limit spaces with (general)
approximations, and if we define on X x Y

Appr,(x,y) := (Appr,(x), Appr,(y)),

for each n, then (X x Y, lim, (Appr,)nen) is a limit space with (general) approximations,
where lim is the already defined lim-relation on X x Y.
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Function space of limit spaces with approximations

Theorem

(BISH) If (X, lim, (Appr,)nen) and (Y, lim, (Appr,,)nen) are limit spaces with (general)
approximations, and if we define, for each n and f e X — Y,

f — Appr,(f),

Appr,(f)(x) := Appr,(f(Appr,(x))),

for each x € X, then (X — Y,lim, (Appr,)nen) is a limit space with (general) approxi-
mations, where lim is the already defined lim-relation on X — Y.
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On the proof of (A3)

If Appr,(Y) in inhabited, then Appr,(X — Y) is inhabited: If y € Y, then for the
constant function y we have that

Appr,(¥)(x) = Appr,(7(Appr,(x)))
= Appr,(y)-
Hence, o
Appr,(9) = Appr,(y)

If y inhabits Appr,(Y), then the constant function Appr,(y) = Aﬁy) =y
inhabits Appr,(X — Y). Le., in this case the nth approximation of y is identical to it.
To prove the finiteness of Appr,(X — Y) we show that the nth-approximation of a
function in the function limit space acts equally on its input and on the
nth-approximation of it, since

Appr, (f)(Appr,(x)) = Appr,(f (Appr,(Appr,(x))))

A

= Appr,(f(Appr,(x)))

= Apprn(f)(x)

Then Appr,(f) : X — Y is determined by its restriction
Apprn(f)\Apprn(X) : AppI‘n(X) - Appl‘n(Y)
Apprn(f)|Appr"(X) = Apprn(g)|Appr"(X) - Apprn(f) = Apprn(g)'
|Appr, (X — Y)| < |[Appr,(Y)APPra (0],
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On the proof of (A4)

Vaex Vg exi (lim(x, xn) = 1im(f (x), fa(xn)))
VxexV,exti (lim(x, xn) — lim(f (x), Appr, (fn) (xn)))-
We fix x € X and x, € XY such that lim(x, x,). By (A4) on X we get that
lim(x, xa) — lim(x, Appr,(xn)),

while by the definition of lim(f, f,) on x and the sequence Appr,(xn) we have that
lim(f(x), fa(Appr,(xa))). By (As) on Y we get that

lim(f (x), Appr, (fs(Appr, (xn)))) < lim(f(x), Appr,(fa)(xn))-
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The countable functionals over N

t=N[p—o,

Ct(e) := (N, g_rdril),
Ct(p — o) := (Ct(p) — Ct(0), lim),

To each limit space (Ct(p),lim,) the following approximation functions are added:

lim
p—o

Appr,, (m) = min(n, m),
while if F e Ct(p — o) and f € Ct(p) we define
F — Appr, ,_,,(F),

Appr, ,_,,(F)(f) = Appr, ,(F(Appr, ,(f))).
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Corollary 1

Corollary

(BISH) The structure A, = (Ct(p),limp, (Appr, ,)nen) is a limit space with ap-
proximations, for each p. Moreover, there exists an enumerable dense subset D, in
(Ct(p), Tiim,, ), for each p.

p = . each Appr, is limy, -continuous i.e., limy, (m, m;) implies that
lim7, (Appr,(m), Appr,(m;)), since the hypothesis amounts to the sequence m
being eventually the constant sequence m, therefore the sequence Appr,(m;) is
eventually the constant sequence Appr,(m).

Appr,(N) ={0,1,...,n}.

Condition (iv) is written as lim7,, (m, m;) — lim7,, (m, Appr;(m;)). Since the premiss
says that the sequence mj is after some index Iy constantly m, then for | = max(lp, m)
we get that the sequence Appr,(m) is constantly m.

The fact that (Ct(p — 0),limp—o, (APPT, ,,»)nen) is a limit space with approx-
imations is a direct consequence of our Theorem. Moreover, by density theorem
Dy = Upnen Appr,(Ct(p)) is an enumerable dense subset of (Ct(p), Tiim,), for each
p- O
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Approximation functions on the Cantor space C

B(a(k)) = {BeC|a(k) <8}

is a countable base of a topology 7 on C. The space (C,7T) is a T1, compact space
with a countable base of clopen sets, and without isolated points. Consequently,

lim (e, ain) <> ¥ie3ng V=g (@n (k) = (k)
© Vi3ng Yoz (@n (k) = a(k)),
for each o € C and a, € CN. We define the approximation functions Appr, :C — C by
a = Appr,(a),

Appr,(a) =a(n+1) % 0.
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The functionals over the Cantor space C

L=Clp—a,
C(e) := (C,Ii7rp),
Clp = 0) = (C(p) = C(0), Jim ),

and supply these spaces with the approximation functions Appr, , as defined above,
and the arrow functions Appr, ,_,,, we get the following corollary:

Corollary

(BISH) The structure A, = (C(p), limy, (Appr, ,)nen) is a limit space with approxima-
tions, for each p. Moreover, there exists an enumerable dense subset D, in (C(p), Tiim,),
for each p.
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Compact metric spaces in BISH

If (X, d) is a metric space, a set Y € X is called an e-approximation to X, if
VxexJyey (d(x,y) <e).

A metric space (X, d) is totally bounded, if for each € > 0 there exists some Y < X
s.t. Y is a finite e-approximation to X, and it is compact, if it is complete and totally
bounded.

Lemma

(BISH) If (X,d) is an inhabited compact metric space and r € (O, %] there exist
sequences (XU)ue2<N and v € S such that, for each n > 1, we have that

(i) {xu | |u] = v(n)} is an r"-approximation to X.

n—1

(i) |ul = ~(n) =V ep<n (d(xus Xusew) < T=5)-

(i) |u] = v(n) = d(x,xy) < r"~t — "t -

= dpea<n(urw|=7(n+1) A d(x,xusw) < rn+1).
(V) Ju] = v(n) = [usxw| <y(n+1) > Xuxw = Xu.

Note that u * w denotes the concatenation of the finite sequences u, w, and that the
proof of the above lemma uses for the definition of + the principle of dependent
choices on N.
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Approximation functions on a compact metric space

Proposition

If (X, d) is an inhabited compact metric space, limy is the limit relation induced by its
metric d, and Appr, : X — X is defined, for each n, by

_ ) Xmin< {ue2<N|x,eAppr,(X) A d(x,xs)<r"} if x ¢ Appr,(X)
Appr,(x) { X . if x € Appr,(X),

where < is any fixed total ordering on 2<N and
Appr,(X) = {xu | [u] = ~y(n)}

and the sequences (xu) cp<n and~y € S are determined in the Lemma, then the structure
A = (X, limg, (Appr,)nen) is a limit space with general approximations.
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Proof

Proof.

The property Appr,(Appr,(x)) = Appr,(x) follows automatically by the definition of
Appr,(x). The fact that Appr,(X) is finite follows by the finiteness of the set of nodes
in 2<N of fixed length v(n). Finally we show that limy(x,x,) — limg(x, Appr,(xn)).
The premiss is

Ve>03novn2no(d(xa><n) < €)a
while the conclusion amounts to
Ve>03no Vnzno (d (X, Appr,(xn)) < €).
We fix some ¢ > 0, and by the unfolding of the premiss we find no(5) such that
d(x,xn) < %, for each n = ng(5). Also, there is some n; such that r" < %, for each

n > m. For each n > max(no(5), m) we have that

d(x, Appr,(xn)) < d(x, xn) + d(xn, Appr,(xn))

O
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The functionals over a compact metric space X

t=X|p—o,
X() = (X,Iign),

X(p = o) := (X(p) = X(0), lim),

and add to these spaces the approximation functions Appr, , as defined above, and
the arrow functions Appr,,,p_,g, we get directly by the fact that Gappr is cartesian
closed the following corollary.

lim
p—o

Corollary

The structure A, = (X(p), limg, (Apprmp),,eN) is a limit space with general approxima-
tions, for each p. Moreover, there exists an enumerable dense subset D in (X(p), Tiim,, ),
for each p.

Of course, we could use a type system where the base types are determined by more
than one compact metric spaces and have a similar result similar.

Remark

(CLASS) A metric space (X, d) is a sequential space.
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A corollary of Kisynski's theorem

Kisynski's theorem suffices to prove classically that all limit spaces in the above
hierarchies are topological, since all of them satisfy the uniqueness property.

Corollary

(CLASS) (i) If f : (X, Timy) = (Y, Tiimy) is continuous and (Y, limy) has the unique-
ness property, then f : (X,limx) — (Y,limy) is lim-continuous.
(ii) If (X,lim) is a limit space and (Y,limy) has the uniqueness property, then

CX,Y)=X>Y,

where C(X, Y) denotes the set of continuous functions from X to Y w.r.t. the topolo-
gies induced by the corresponding limits.
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Functionals over separable and non-compact metric spaces

@ The use of probability distributions first in the study of hierarchies of functionals
over R in Normann 2008 following the work of DeJaeger 2003.
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Functionals over separable and non-compact metric spaces

@ The use of probability distributions first in the study of hierarchies of functionals
over R in Normann 2008 following the work of DeJaeger 2003.

@ We study the notion of a positive probabilistic projection adding the property of
positivity to Normann's notion of probabilistic projection.
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Functionals over separable and non-compact metric spaces

@ The use of probability distributions first in the study of hierarchies of functionals
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Functionals over separable and non-compact metric spaces

@ The use of probability distributions first in the study of hierarchies of functionals
over R in Normann 2008 following the work of DeJaeger 2003.

@ We study the notion of a positive probabilistic projection adding the property of
positivity to Normann's notion of probabilistic projection.

© The probabilistic projections proved to exist by Normann are actually positive ones.

© Through positivity the notion of a probabilistic projection is connected to general
approximation limit spaces.
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Probabilistic projections

Suppose that (Y, T) is a sequential topological space, A, is an inhabited finite subset
of Y, for each ne N, and
A=|JAcXcY.

neN

A probabilistic projection from Y to X is a sequence of functions

pn:Y — ]F(A": [0’ 1]) y — :U'H(Y)a

(P1) pn(y) : An — [0,1] is a probability distribution on A,, for each ne N i.e., it

satisfies the condition
D) mn(y)(a) = 1.
aeA,

(P2) The function 3: Y — [0, 1] defined by
y = pn(y)(a)

is continuous, for each a € A, and for each n€ N.

(iii) For each x € X, x, € X such that lim(x, x,) and for each a, € A such that
an € Ap, for each ne N, we have that

Va(kn(xn)(an) > 0) — lim(x, an),

where lim is the limit relation on X induced by the limit relation lim7 on Y.
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Positive probabilistic projections

@ We denote a probability projection by P = (Y, T, X, (An)nen, (4n)nen), While the
sequence of sets (Ap)nen is called the support of P.
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Positive probabilistic projections

@ We denote a probability projection by P = (Y, T, X, (An)nen, (4n)nen), While the
sequence of sets (Ap)nen is called the support of P.

@ We call a probabilistic projection from Y to X general, if conditions (P1) and (P3)
are satisfied but not necessarily the continuity condition (P2).
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Positive probabilistic projections

@ We denote a probability projection by P = (Y, T, X, (An)nen, (4n)nen), While the
sequence of sets (Ap)nen is called the support of P.

@ We call a probabilistic projection from Y to X general, if conditions (P1) and (P3)
are satisfied but not necessarily the continuity condition (P2).

@ We call a (general) probabilistic projection from Y to X positive, if

pn(a)(a) >0,

for each a€ A, and for each ne N.
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Density theorem

Next natural density theorem explains why Y is considered sequential. Without this
hypothesis we can only conclude that A is lim-dense in (X, lim7).

Proposition

Suppose that Y is a sequential space, X is a closed (or open) subspace of Y and
P = (Y, T,X,(An)neN, (tn)nen) is a (general) probability projection from Y to X.
Then A is dense in X with the relative topology.

Proof.

Since lim(x, x), by (P3) we get lim(x, a,), for some a, such that p,(x)(a,) > 0, for
each n € N. There is always such an a,, since pun(x) is a probability distribution on Aj.
Thus, A is limy/-dense in X, where T is the relative topology of Y on X. Since a
closed (or open) subspace of a sequential space is also sequential, A is 7’-dense. O
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lim-probabilistic projections

A lim-probabilistic projection P = (Y, lim, X, (An)nen, (14n)nen) Where (Y, lim) is a
limit space, X, A are as above and the functions (in)nen satisfy (P1), (P3) and

(P4) The function 3: Y — [0, 1] defined by y — un(y)(a) is lim-continuous, for each
a€ A, and for each ne N ie.,

lim(y, ym) — lim(un(y)(a), n(ym)(a)),

Proposition

(BISH) (i) If (Y, T, X, (An)nen, (tn)nen) is a (positive) probabilistic projection, then
(Y, lim7, X, (An)nen, (4n)nen) is a (positive) lim-probabilistic projection.

(BISH) (ii) If (Y, lim) is a topological limit space and (Y, lim, X, (An)neN, (tn)nen) is a
(positive) lim-probabilistic projection, then (Y, Tim, X, (An)neN, (4n)nen) is a (positive)
probabilistic
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Probabilistic selections

© A probabilistic selection on a sequential space Y is a probabilistic projection from
Y to Y, and we denote it by (Y, T, (An)nen, (n)neN)-
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© A probabilistic selection on a sequential space Y is a probabilistic projection from
Y to Y, and we denote it by (Y, T, (An)nen, (n)neN)-

@ Normann: “a probabilistic selection from a dense subset may replace the use of a
continuous or even effective selection of a sequence from a dense subset converging
to a given point, when such topological selections are impossible”.
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Probabilistic selections

© A probabilistic selection on a sequential space Y is a probabilistic projection from
Y to Y, and we denote it by (Y, T, (An)nen, (n)neN)-

@ Normann: “a probabilistic selection from a dense subset may replace the use of a
continuous or even effective selection of a sequence from a dense subset converging
to a given point, when such topological selections are impossible”.

© A lim-probabilistic selection on a limit space Y is a lim-probabilistic projection
from Y to Y, and we denote it by (Y, lim, (An)nen, (tn)nen)-

@ Next proposition shows the connection of positive probabilistic selections to limit
spaces with general approximations.
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Positive probabilistic selections and limit spaces with general approximations

Proposition

If (Y, lim7, (An)nen, (4n)nen) is a positive lim-probabilistic selection on Y, there are
approximation functions Appr, such that (Y,lim, (Appr,)nen) s a limit space with
general approximations and Appr,,(X) = A, for each n.

Proof.

Suppose that each A, is given with a fixed modulus of finiteness e,. We define

o a, L ifx¢A,
Appr,(x) = { X if x € Ap,
where
io = min{j € N| en(a) =j A un(x)(a) > 0}.
Clearly, Appr,(X) = Ap by the second case of the above definition. The condition
Appr,(Appr,(x)) = Appr,(x) is also satisfied by definition. Suppose next that x €
X, xn € X and lim(x, xn). We also have that

pn(x)(Appr,(x)) > 0,

since, if x ¢ Ap, then by definition 1, (x)(aj,) > 0, while if x € A, we have un(x)(x) > 0
by the positivity condition. Hence, pn(xn)(Appr,(xn)) > 0 for each n. By (P3) we
conclude lim(x, Appr,,(xn)).
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Conversely

(i) (BISH) A limit space with general approximations (X, lim, (Appr,)nen) induces a
positive, general lim-probabilistic selection (X, lim, (An)neN, (in)nen) on X.

(i) (CLASS) A limit space with approximations (X,lim!, (Appr,)sen) that
satisfies the uniqueness property induces a positive lim-probabilistic selection
(X7 lim, (An)neN» (Mn)neN) on X.

(i) We define A, = D, = Appr,(X) and x — un(x), where

n(X)(a) = { g O aS L)

Clearly wn(x) is a probability distribution on A,, and, since up(xn)(an) > 0 <
an = Appr,(xa), we get lim(x,x,) — lim(x,a,). Also, pun(a)(a) = 1 > 0, since
a = Appr,(x), for some x € X, therefore, Appr,(a) = Appr,(Appr,(x)) = a.

(ii) Suppose that lim(x,xm) and pn(x)(a) = 1 & a = Appr,(x). The sequence
(Appr,,(xm))m is eventually constant a. Thus, p,(xm)(a) is eventually constant 1. The
case a # Appr,(x) is treated similarly.

O
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Existence of a probabilistic projection

Proposition

(CLASS) Suppose that (X, d) is a separable metric space where A = {a1,az,...,} is

a countable dense subset of X. If we define An = {a1,...,an} and, foreach1 < j < n,
(d(X7 An) + 2—n) - d(X1 aj)

Siil(d(x, An) +271) = d(x, a))]’

pn(x)(aj) :=

where d(x, An) = min{d(x, a;) | 1 < i < n} is the distance of x from A, and a =~ b :=
max(a — b,0), then (X, Tg, (An)nen, (n)nen) is a positive probabilistic selection on X.
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Final comments

@ The product of lim-probabilistic selections does not preserve the continuity condi-
tion.
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Final comments

@ The product of lim-probabilistic selections does not preserve the continuity condi-
tion.

@ Normann 2009 defined Q-spaces: sequential Hausdorff spaces with a countable
pseudo-base of closed sets, to show that for semi-convex Y, and X,Y are Q-
spaces with probabilistic selection, then X — Y is a Q-space with a probabilistic
selection.
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@ Normann 2009 defined Q-spaces: sequential Hausdorff spaces with a countable
pseudo-base of closed sets, to show that for semi-convex Y, and X,Y are Q-
spaces with probabilistic selection, then X — Y is a Q-space with a probabilistic
selection.

© The existence of dense subsets in the product X x Y and the function spaces
X — Y is direct by the fact that X, Y are limit spaces with general approxima-
tions. It suffices that X, Y are sequential spaces admitting positive lim-probabilistic
selections.
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@ Of course, the results of Normann on Q-spaces are of independent interest and
value.
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Final comments

@ The product of lim-probabilistic selections does not preserve the continuity condi-
tion.

@ Normann 2009 defined Q-spaces: sequential Hausdorff spaces with a countable
pseudo-base of closed sets, to show that for semi-convex Y, and X,Y are Q-
spaces with probabilistic selection, then X — Y is a Q-space with a probabilistic
selection.

© The existence of dense subsets in the product X x Y and the function spaces
X — Y is direct by the fact that X, Y are limit spaces with general approxima-
tions. It suffices that X, Y are sequential spaces admitting positive lim-probabilistic
selections.

@ Of course, the results of Normann on Q-spaces are of independent interest and
value.

© The limit spaces with approximations are useful in the separable non-compact case
too.

@ There are more related results but even more open questions.
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