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Abstract. In this paper, we show, almost constructively, a density the-
orem for hierarchies of limit spaces over separable metric spaces. Our
proof is not fully constructive, since it relies on the constructively not
acceptable fact that the limit relation induced by a metric space satis-
fies Urysohn’s axiom for limit spaces. By adding the condition of strict
positivity to Normann’s notion of probabilistic projection we establish
a relation between strictly positive general probabilistic selections on a
sequential space and general approximation functions on a limit space.
Showing that Normann’s result, that a (general and strictly positive)
probabilistic selection is definable on a separable metric space, admits a
constructive proof, and based on the constructively shown in [I8] carte-
sian closure property of the category of limit spaces with general approx-
imations, our quite effective density theorem follows. This work, which
is a continuation of [I§], is within computability theory at higher types
and Normann’s Program of Internal Computability.

1 Introduction

Normann introduced the distinction between internal and external computabil-
ity over a mathematical structure already in [I1] and initiated, what can be
called, a “Program of Internal Computability” (PIC) in [12]-[16] (see also [10]).
As he mentions in [14], p.300, “the internal concepts must grow out of the struc-
ture at hand, while external concepts may be inherited from computability over
superstructures via, for example, enumerations, domain representations, or in
other ways”. Within PIC the characterization of functionals, like the Kleene-
Kreisel functionals, is done without reference to any realizing objects, but via
limit spaces. As Longley and Normann mention in [10], p.374, the framework
of limit spaces leads “in some cases to sharper results than other approaches;
moreover, the limit space approach generalizes well to type structures over other
base types such as R”.

Limit spaces were introduced in computability theory at higher types by
Scarpellini in [I9], while Hyland in [7] showed that Scarpellini’s hierarchy is
identical to Kleene’s hierarchy of countable functionals over N. In [I2] Normann
presented this hierarchy using limit spaces, and the corresponding density theo-
rem using the notion of the nth approximation of a functional, for every n € N.
In [I8] we generalized Normann’s presentation by defining two new subcategories



of limit spaces, the limit spaces with general approximations and the limit spaces
with approximations. The constructively shown cartesian closure property for
these subcategories enabled us to to prove a constructive density theorem for
hierarchies of limit spaces over N and the Cantor space C. The corresponding
density theorem for hierarchies of limit spaces over a compact metric space had
an essentially classical proof.

In this paper we prove, almost constructively, a density theorem for hierar-
chies of limit spaces over an arbitrary separable metric space, generalizing and, in
our view, computationally advancing the result of [I8]. All main proofs included
in this paper are within Bishop’s informal system of constructive mathematics
BISH (see [11, [2] and [3]). Since the fact that the limit relation on R induced by
its metric satisfies Urysohn’s axiom of a limit space impliesﬂ the limited principle
of omniscience (LPO), we cannot say now that our results are fully constructive.
We discuss a constructive way out in the last section of this paper.

Nevertheless, our proof seems quite effective, since all the other parts of it
are completely constructive. It uses again the cartesian closure property of the
category of limit spaces with general approximations, and Normann’s result on
the existence of a probabilistic selection on a separable metric space. Adding
the condition of strict positivity to Normann’s notion of probabilistic selection a
connection between strictly positive probabilistic selections and general approx-
imation functions is established. This density theorem (Theorem [4]) shows that
limit spaces with general approximations provide a framework for characteriz-
ing hierarchies of functionals over base types maybe even more efficiently than
general limit spaces.

2 Basic notions and facts

In order to be self-contained we include some basic definitions and facts necessary
to the rest of the paper. For a classical treatment of limit spaces see [8] and [9],
while for all general topological notions mentioned here see [6]. If X, Y are sets,
F(X,Y) denotes the set of all functions from X to Y. The third condition of the
definition of a limit space is known as Urysohn’s axiom.

Definition 1. A limit space is a structure £ = (X,limx), where X is a set, and
limxy C X x F(N, X) is a relation satisfying the following conditions:

(Ly) If x € X and (x) denotes the constant sequence x, then limyx (z, ()).

(Lo) If S denotes the set of all strictly monotone elements of the Baire space
F(N,N), the] Vacs (limx (2, 2,) — limx (2, 24(n)))-

(L3) If v € X and (zp)nen € F(N,X), then VoesIpes(limx (z, 2q48n)))) —
limy (z, z,).

If Ve yexViz)penere,x)(im(z, x,) — lim(y,z,) — @ = y), then the limit
! This is a result of Hannes Diener (personal communication).

2 If (2n)nen C X, for simplicity we write limx (z, z,) instead of limx (z, (€5 )nen), and
limx (z, z) instead of limx (z, (x)).



space has the uniqueness property. A subset D of X is called limx-dense, if
Veex3(dp)nenerm,p)(limx (2, dy)), and L is called limx-separable, if there is
a countable limx-dense subset of X. If (X,limx), (Y,limy) are limit spaces,
[+ X — Y is called lim-continuous, if VeexV(z,),cnery,x)limx (z,2,) —
limy (f(2), f(2n))). The subset O of X is in the Birkhoff-Baer topology Tiimyx on
X, oris limx-open, if VocoV(z,), cverm, x) (limx (2, z,) = ev(zy,, 0)), where, if
A C X, ev(zn, A) > Ty Vnsn,(zn € A). A topological space (X,T) induces
a limit space (X,limy), where limy(x,x,) > (Tn)n N z, and the symbol
(Zn)n T, % denotes the convergence of (xp)nen to x with respect to T. If (X, d)
is a metric space, limg denotes the limit relation on X induced by d. A limit
space (X, limx) is called topological, if limy = limT“mX , and a topological space
(X,T) is called sequential, if T = Tim -

It is easy to show constructively that D is dense in (X, Tiimy ), if D is lim-
dense in (X, limx). Moreover, classically a metric space is a sequential space.
The following proposition is folklore in the classical literature, but one can show
that it holds constructively (see [I7]).

Proposition 1. Let £ = (X,limx), M = (Y,limy) be limit spaces, and A C X.
The relative limit space L4 = (A,lima) is defined by lima = (limx )|axry,4)
and the product limit space L x M := (X x Y,limxyy) is defined by the con-
dition limyx xy ((z,v), (Tn,yn)) ¢ limyx(z,2,) A limy(y,y,), for every x €
X,y €Y, (zn)neny € FIN, X) and (yn)neny € F(N,Y). The exponential limit
space L - M = (X — Y, limx_,y), where X =Y is the set of all lim-
continuous functions from L to M, is defined by the condition limx v (f, fn) :¢>

VIEXv(In)neNEF(I\Lx)(limX (Z‘, xn) — limy (f(x)a fn(xn)));

Definition 2. A limit space with general approximations is a structure A =
(X, limy, (XAppr,, )nen) such that (X,limx) is a limit space, and, for every
n € N the approzimation functions XAppr, : X — X satisfy the following
properties:

(A1) If x € X, then XAppr, (XAppr,,(x)) = XAppr,,(z).

(A2) XAppr, (X) = {XAppr,,(z) | x € X} is an inhabited finite set.

(A3) If x € X and (zp)neny € F(N, X), then

h)r(n(ac7 Tp) — h)r(n(ac7 XAppr,,(2,)).

A limit space with general approzimations is a limit spaces with approximations,
if the following conditions are satisfied:

(A1) If x € X, then XAppr,, (XAppr,, () = XAPDPyin(n,m) (T)-

(A4) XAppr,, is lim-continuous.

A limit space (X,limx) admits (general) approzimations, if there are functions
(XAppr,, )nen such that (X, limx, (XAppr, )nen)) is a limit space with (general)
approxrimations

The following two results were proved in [I8] constructively.



Proposition 2. If A = (X,limx, (XAppr, )nen) is a limit space with general
approximations and x € X, then limx (x, XAppr,, (z)). Moreover, the set A =
U,hen XAppr,, (X) is a countable limx -dense subset of X, and therefore dense in
(Xa 7Iimx ) .

Theorem 1. If A= (X,limx, (XAppr,)nen), B = (V,limy, (YAppr, )nen) are
limit spaces with (general) approrimations, n € N, x € X,y € Y, and f €
X =Y, we define

(X x Y)Appr, (z,y) := (XAppr, (z), YAppr, (y)),
f = (X = Y)Appr,(f),
(X = Y)Appr,, (f)(=) := YAppr, (f(XAppr, (7))).
The structures A x B = (X x Y, limxxy, (X x Y)Appr, )nen) and A — B =

(X = Y, limx vy, (X = Y)Appr, )nen) are limit spaces with (general) approwi-
mations.

From the last two results the following density theorem for a hierarchy of
limit spaces over a compact metric space was shown in [I8] classically.

Theorem 2. Let (X,d) be a compact metric space. If 1 = X | p — o is an
inductively defined type system T over the base type X, then in the T-typed
hierarchy of limit spaces over X, defined by

X() = (X(l,),lifn) = (X, 1i(11n)7

X(p— o) == (X(p) = X(0), lim),

p—o

the limit space X (1) admits general approzimations (TAppr, )nen, for every type
7 in T. Moreover, there is a countable subset D, of X (1), which is dense in
(X(7), Tiim.. ), for every type T in T.

A similar density theorem was shown constructively for ¢« = N and + = C,
where C denotes the Cantor space. In section 4 we show a density theorem for a
hierarchy of limit spaces over an arbitrary separable space (Theorem 4), based
again on Proposition [2|and Theorem [I] In this case though we use appropriately
Normann’s notion of a probabilistic selection on a sequential space to define
general approximation functions on a separable metric space.

3 Positive and strictly positive probabilistic projections

The use of probability distributions in the study of hierarchies of functionals
over R appeared first in Normann’s work [12], following the work of DeJaeger
in [5]. The next definition includes a slight variatimﬂ of Normann’s definition of

3 Namely, the continuity condition used by Normann is different from the condition
(P3) used here, but one can show that they are equivalent. Since no continuity
condition affects the main density theorem, we do not include here the proof of their
equivalence.



a probabilistic projection found in [I4]. Moreover, the notions of general, positive
and strictly positive probabilistic projections are introduced. Note that in the
following definition we use Normann’s starting point of a sequential space X,
but what we only need for the proof of Theorem [4] and this is how one should
read Definition [3| constructively, is that X is a metric space (recall that we need
classical reasoning to show that a metric space is sequential).

Definition 3. A structure P = (X, T,Y, (An)nen, (n)nen) is called a sequen-
tial space with a general probabilistic projection from X to Y, if (X,T) is a
sequential topological space, (Ap)nen s a sequence of inhabited finite subsets of
X, which is called the support of P, Y is a subset of X such that

A=A CY,

neN
and (pn)nen s a sequence of functions of type
P 2 X — ]F(An; [Oa 1])

T = pn(2),
that satisfies the following properties:

(Py) For everyn € N the function u,(z) : A, — [0,1] is a probability distribution
on A, i.e., it satisfies the condition

S pnl@)(a) = 1.

a€A,

(P2) If y €Y, (Yn)nen C Y such that limy, (y,yn), where limy,, is the limit
relation on Y induced by the limit relation limr on X, and if (an)nen C A such

that a,, € A,, for every n € N, the following implication holds:

vnEN(Mn(yn)(an) >0) — %i_m(yvan)'

Y

The sequence of functions (pn)nen s called a general probabilistic projection
from X toY. A sequential space (X, T) admits a general probabilistic projection
from X toY, if there is a general probabilistic projection from X toY. A struc-
ture P = (X, T.,Y, (An)nen, (in)nen) i a sequential space with a probabilistic
projection from X toY, if (pun)nen satisfies also the following condition:

(P3) If a € A,,, for some n € N, the function a : X — [0,1], defined by

= i (2) (@),

for every x € X, is continuous.

A general probabilistic projection (pin)nen from X to Y is called positive, if the
following conditions are satisfied:

(Py) If a € A,,, for some n € N, then

fin(a)(a) >0,



Viea, (b# a = pn(a)(b) < pn(a)(a)).
A positive probabilistic projection from X to Y is called strictly positive, if the
following condition is satisfied:
(P5) If a € A,,, for some n € N, then

o (a)(a) = 1.

A (general) probabilistic projection (pin)nen from X to X is called a (general)
probabilistic selection on X, and the structure S = (X, T, X, (An)neN, (ln)nen),
or simpler § = (X, T, (An)nen, (n)nen), s a sequential space with o (general)
probabilistic selection.

By condition (Py), if (pn)nen is a strictly positive probabilistic projection

from X to Y, then
Voea, (b # a— up(a)(b) =0),

since, if y1,(a)(b) > 0, for some b € A, such that b # a, then D, 4 pn(a)(b) > 1,
which is a contradiction. Hence, p,(a)(b) < 0, which together with the assumed
condition gy, (a)(b) > 0 gives p,(a)(b) = 0. A first constructive reading of con-
dition (P1) gives that ~—[3sea, (in(2)(a) > 0)]; if =[Faca, (un(2)(a) > 0)],
then Vaeca, (tin(z)(a) < 0), since if a € A, such that p,(z)(a) > 0, then we
get a contradiction, hence p,(z)(a) < 0. Since Vaea, (tn(z)(a) > 0), we get
Vaea, (Hn(z)(a) = 0), hence 3,4 pn(z)(a) = 0 = 1. Next we show construc-
tively how to shift double negation.

Proposition 3. Ifne€N, ay,...,a, >0, and l > 0, then
n
Zai = Hje{l’m’n}(aj > 0)

Proof. We show V,enP(n), where

P(n) :=Va,, . a,>071>0 (Z a; =1 — Jjequ,...nyla; > 0)) .

i=1
If n = 1, then j = 1. To show P(n + 1) from P(n) let ai,...,an+1 > 0, and
I > 0 such that ' a; = 1. If b := 3" a; > 0, then b+ a, 41 = l. By the
constructive version of trichotomy of reals (see [2], p.26) we have that a,,4+1 > 0
or ant1 < é In the first case we get that the required j = n + 1. If ap41 < é,
thenb=1—an41 >1— é = % Consequently, >, a; = b > 0, and by condition
P(n) on ay,...,a, and b we get some j € {1,...,n} such that a; > 0.

Hence, if (fn)nen is a general probabilistic projection from X to Y, the set
In(z) :=={a € Ay | pin(2)(a) > 0}

is inhabited. The intuition behind the notion of a probabilistic projection from
X to Y can be described as follows. The fact p,(x)(a) > 0 expresses that a is



“close” to x, and moreover, the closer to 1 the positive value p,(z)(a) is, the
closer to x a is. The fact pu,(z)(a) = 0 expresses that a is “not close” to z.
With this interpretation conditions (P;) and (Py) are quite natural. Note that
the notion of a general probabilistic projection from X to Y corresponds to
the notion of a limit space with general approximations, since in both cases a
continuity condition is not necessarily satisfied. As in the case of limit spaces
with (general) approximations, a dense subset is (classically) generated from a
general probability projection.

Proposition 4. (i) If P = (X, T,Y, (An)nen, (in)nen) is a sequential space
with a general probability projection from X to Y, and Y is a closed, or open,
subspace of X, then A is dense in'Y .
(11) If P = (X, T, (An)nen, (ln)nen) s a sequential space with a general proba-
bility selection, then A is dense in X.

Proof. We show (i), and (ii) follows immediately from (i). If y € Y, let (ap,)nen C
A such that a,, € A,, and u,(y)(a,) > 0. The existence of such an element a,
of A, follows from condition (P;). Since limy(y,y), by condition (P;) we get
limy;, (y,an) ie., Ais limy;, -dense in X. Since a closed, or open, subspace of
a sequential space is sequential, and since a limg-dense subset of a sequential
space (Z,S) is also dense in Z, we conclude that A is dense in Y.

Since A is countable, the relative space Y is separable. Consequently, if Y
is not a separable subspace of X, there can be no probabilistic projection from
X to Y. As in the density theorem for limit spaces with general approximations
the continuity condition (Ps) plays no role in the above proof. Next follows the
lim-version of Definition [3

Definition 4. A structure N = (X, limx,Y, (An)nen, (ttn)nen) @8 a limit space
with a general lim-probabilistic projection from X to Y, if (X,limx) is a limit
space and Y, (Ay)nen, (in)nen are as in Definition [3, though the limit relation
in (Py) is the limit relation on Y inherited from limx. A limit space with a
lim-probabilistic projection from X to Y is a limit space with a general lim-
probabilistic projection from X to Y such that the following condition is satisfied:
(P5") If a € A, for some n € N, the function a : X — [0,1], defined by
x> pup(z)(a), for every x € X, is lim-continuous i.e.,

h)?l(xa Tm) = [l(l)gl](:un (@)(a), tin(zm)(a)),

for every x € X and (zm)men € X, where limyg 1 4s the limit relation on [0, 1]
generated by its Euclidean metric. A limit space with a (general) lim-probabilistic
selection, and the notions of a (strictly) positive (general) lim-probabilistic pro-
jection (selection) are defined as in Definition @

In the next classically shown proposition the hypothesis of positivity is used.



Proposition 5. If (X,limx, (A)neN, (in)nen) 8 a limit space with a posi-
tive, general lim-probabilistic selection, then there are approximation functions
(XAppr,, )nen on X such that (X, limx, (XAppr, )nen) s a limit space with gen-
eral approzimations, and XAppr,, (X) = A, for every n € N.

Proof. If n € N, suppose that A,, = {a(ln), . ,a(") LI x e X, let

ion(z) == {z e{l,...,m(n)}| un(:c)(agn)) > 0, and

Vet (i () (@) < un<x><a£”>>>}.

By the properties of the order on classical real numbers i, (x) is well-defined.
For every x € X and every n € N we define

XAppr,, (z) := al™

74‘0,11.(5”)'

Since (pin)nen is positive, if i € {1,...,m(n)}, then
ion(a™) = {i},
and XApprn(agn)) = a(.n)( () = az(-n). The conditions XAppr,,(XAppr, (z)) =
20,n ai

XAppr,, (z) and XAppr,(X) = A,, are then immediately satisfied. By the defi-
nition of i, (x) we have that

tn(z)(XAppr,,(z)) > 0.

If (n)nen C X such that limx (z, z,), then since u,(x,)(XAppr, (x,)) > 0, for
every n € N, by condition (P») of Definition 4| we get limx (z, XAppr,,(x,)).

Note that constructively we can’t find an algorithm providing an element of
io,n (). We overcome this difficulty in Proposition [7} where the hypothesis of
a strictly positive probabilistic selection is used. The next proposition is also
shown classically.

Proposition 6. (i) A limit space (X,limx, (XAppr,,)nen) with general approz-
imations admits a strictly positive, general lim-probabilistic selection.

(i) A limit space (X, limyx, (XAppr,, )nen) with approzimations, where (X, limyx )
has the uniqueness property, admits a strictly positive general lim-probabilistic
selection.

Proof. (i) We define A,, = XAppr, (X), and for every z € X the function z —
tn () is defined by

1, if a = XAppr,, ()
0, ow.

() = {



Clearly, p,(x) is a probability distribution on A,,. Since p,(x,)(a,) > 0
an, = XAppr,, (z,), we get limx (z,x,) — limx (x, a,). If a € XAppr,, (X), there
is some x € X such that a = XAppr,,(x), hence

pin(a)(a) = pn(XAppr, (z))(XAppr, (z)) =1 > 0,

since XAppr,, (z) = XAppr,, (XAppr,,(x)).

(ii) Suppose that limx(z,z,,) and that p,(x)(a) = 1 < a = XAppr, ().
By the classical proof of Proposition 21(i) in [I8], pp.749-750, the sequence
(XAppr,,(©m))men is eventually constant with value a. Thus, (t, (2 )(a))men
is eventually constant 1. The case a # XAppr,,(z) is treated similarly.

The above proof corroborates the aforementioned intuition behind the exis-
tence of a probabilistic projection, that is u,(z)(a) > 0 expresses a proximity
of a to x, while p,(x)(a) = 0 expresses a non-proximity of a to x. Regarding
the proof of Proposition @(ii), the lim-continuity of the approximation functions
XAppr,, entails the lim-continuity of the function G, where a € A. Next follows
the constructive version of Proposition [5} which is essential to the proof of Theo-
rem [4] One needs to replace the condition of positivity by the condition of strict
positivity.

Proposition 7. If (X,limyx, (A, )nen, (tn)nen) s a limit space with a strictly
positive, general lim-probabilistic selection, then there are approzimation func-
tions (XAppr,, )nen on X such that (X, limx, (XAppr,, )nen) s a limit space with
general approximations, and XAppr, (X) = A,, for every n € N.

Proof. If n € N, suppose that A,, = {a(ln), a™ o If x € X, the set

?Pm(n)

Ton(z) == {i € {1,....,m(n)} | pn(2)(a'™) > 0}

is inhabited, i.e., for every n € N there exists i € Iy (). If S, € Nx( >, Io.n ()
is defined by Sy (n,i) := i € Iy,(x), then by the principle of countable choiceﬂ
there is a function f, : N — (J;° | Iy »(z) such that f,(n) € Iy, (x), for every
n € N. We define

XAppr, (z) := a;z)(n),

for every x € X and every n € N. Since (i, )nen is a strictly positive probabilistic
selection on X, if ¢ € {1,...,m(n)}, then Io’n(a(n)) = {i}, hence

%
fym(n) =1,

and XApprn(aE")) = q agn). The conditions XAppr,,(XAppr,,(z)) =

fa(_n) (TL) =

XAppr,, () and XAppr,, (X) = A,, are then immediately satisfied. By the defi-
nition of Iy ,(x) we have that

pin (z)(XAppr, (z)) > 0.

If (£p)neny € X such that limy (z, 2, ), then since py,(z,)(XAppr,, (z,)) > 0, for
every n € N, by condition (Py) of Definition 4| we get limx (z, XAppr,,(x,)).

* This principle is generally accepted within BISH (see [3], p.12).
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4 The density theorem

In [T4] Normann proved that a complete and separable metric space X admits
a probabilistic projection from X to a closed subspace Y of X of the form
Y =U, An, where A, C A, 11 C X, for every n € N. In [I3] Normann defined a
probabilistic selection on a separable metric space. The proof is not given in [13],
although it is actually in [I4], which appeared later, but was written before [13].
In between Normann realized that completeness played no role in his original
proof.

Here we show that the probabilistic selections defined by Normann differ in
a crucial way. The one given in [I4] is shown here to be positive, while the one
given in [I3] is shown to be strictly positive, a property crucial to the proof
of Theorem {4l Next we give a new constructive treatment of Normann’s result
adding the properties of positivity and strict positivity, respectively. Note that
Normann included his equivalent to (Ps) continuity condition to his results, but
since the proof of continuity requires classical reasoning and does not play a role
in our proof of Theorem [4] it is avoided here. The only non-effective element in
the formulation of the following theorem (and not in its proof) is that (X, limg)
is a limit space, hence that lim, satisfies Urysohn’s axiom.

Theorem 3 (Normann (BISH)). Suppose that (X,d) is a separable metric
space and A = {ay, | n € N} is a countable dense subset of X, where d(ay,, am) >
0, if n #m. If A, ={aq,...,an}, for every n € N and, for every 1 < j <n, we
defind?|

Noz(a;)

pn(z)(ay) == ﬁ’

Npz(aj) = (d(z, A,) +27") = d(z,a;),

Dpgi=Y [(d(z, Ay) +27") = d(z,a;)],

i=1

N'pz(ay)
D/n xT ’

N’y z(aj) == (d(z, Ay) + 6,) = d(x, aj),

() (az) =

n

D/n,:c = Z[(d(van) + 5") - d(l‘, a’i)}v

i=1

where
d(z, Ay) :=min{d(z,a;) | 1 <i<n},

Op = min{27", d(a;,a;) | i # j,i,j5 € {1,...,n}},
a=b:=(a—">b)VO0.

5 If ¢,d € R, we use the notations ¢V d := max{c,d}, and ¢ A d := min{c, d}.
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(i) The structure (X,limg, (A, )nen, (tn)nen) s a limit space space with a posi-
tive, general lim-probabilistic selection on X.

(i1) The structure (X,limg, (Ap)nen, (W n)nen) s a limit space with a strictly
positive, general lim-probabilistic selection on X.

Proof. (i) The fact that D, ;, > 0 and conditions (P;) and (P») are shown as in
case (ii). For the positivity condition we have first that

2—7’L
pn(ag)(a;) = Do, >0,

for every j € {1,...,n}. If i # j, then N, ,(a;) = 27" = d(a;,a;) = (27" —
d(a;,a;)) V0. Since 27" —d(aj,a;) < 27" and 0 < 27", we get (27" —d(a;,a;))V
0 < 27™ (here we used the following property of real numbers: aVb < ¢+ a < ¢
and b < ¢, see [], p.57, Ex.3). Hence, u,(a;)(a;) < pn(aj)(a;).

(ii) If ¢1,...,¢, > 0, then one showﬂ that their minimum A]_, ¢; > 0, hence,
since there are no repetitions in the sequence of A, we have that §,, > 0. Next we
showﬂ that D', , > 0. The subspace 4,, is totally bounded, since for every € > 0
it is an e-approximation of itself, and since the distance d, at x, defined by a; —
d(z,a;), is uniformly continuous on A,,, there exists inf d,(Ay) (see [2], p.94).
It is immediate to see that inf d,(A,) = d(x, A,) is the greatest lower bound of
{d(z,a;) | j € {1,...,n}}, and hence equal to A}, d(z,a;), since \]_, d(z,a;)
can be showrﬁ to be the greatest lower bound of {d(z,qa;) | j € {1,...,n}} too.
By the definition of the infimum of a bounded below set of real numbers for

%” > 0 we get that the existence of some j € {1,...,n} such that
On On
d(z,a;) < d(z,A,) + 5 75 < d(z, A,) —d(z,a;) —
0<d,— % <d(z,A,) + 6, —d(z,a;) —
0

0< ?" < (d(z, A,) +6,) =~ d(z,a;) —
0< D'y

Condition (P;) is immediately satisfied. For the proof of condition (P») we fix
x € X, (xn)neny € X, such that limy(z, x,), and (ap)nen such that a, € A,
and p'y(zy)(an) > 0, for every n € N. We need to show that limg(z,a,) <
Ve>03no Vn>n, (d(z,an) < €). Let € > 0. By the hypothesis limg(x,z,) there

5 The argument for the case of two positive numbers is the one used in the inductive
step of the induction on n. If ¢1, c2 > 0, there are rationals ¢1, g2 such that 0 < ¢1 < ¢1
and 0 < g2 < ¢2 (see [2], p.25). Since g1 Ago is either ¢; or g2, we get that g1 Ag2 < 1
and q1 A g2 < c2, hence 0 < 1 A g2 < c1 A ca.

" Classically, this is trivial, since there is some j € {1,...,n} such that d(z, A,) =
d(z,a;), hence D', » > (d(z, An) + 0n) = d(x,a:) = 6, V0O = d, > 0.

8 The proof is based on the fact that if ¢ < @ and ¢ < b, then ¢ < a A b, since if
¢> aAb, then ¢ > a or ¢ > b (this is the dual of a property of the maximum of real
numbers included in [4], p.57, Ex.3).
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is n; € N such that V>, (d(z,z,) < {). By the density of A in X there
exists a € A such that d(z,a) < §. If a = ay,, for some ny € N, we get that
Jaea,, (d(x,a) < 7). Clearly, there exists n3 € N such that 27" < 7. If we
define ng := max(n1, na, n3), for every n € N such that n > ng we get A,, D A,,,
and d(x, Ay,) < d(z,a) < §. Moreover, if n > ng, then
d(zn, An) < d(@n, o) +d(z, Ap) < S+ S = &
Tn, An) > L, T T, An) > — T = 5
4 4 2
The first inequality above is shown as follows: If b € A,,, then using some basic
properties of < on R (see [2], p.23) we get

S

(Tn, Ap) < d(x,b) < d(xyn,z) +d(z,b) =
(xn, Ap) — d(xp, x) < d(z,b) —
(Tns An) — )

An)

QU O
IN

d(xp, ) < min{d(x,b) | b€ A,} = d(z, A,) —
(#n, ) + d(z, Ap).

Tn, An

IN
QU

($n7 n

Moreover, if n > ng, then
! 3e
o (2n)(an) >0 = d(z,,a,) < T

since, using the propertyﬂ Veer(c V0 >0 — ¢V 0 =c) we have that

Wonlxn)(ay) >0— Ny o (an) >0
= (d(zp, Ap) + 6n) — d(zp,a,) >0
€ € € 3e
< — < S
—>d(xman)<d(xn,An)+5n72+2 72—&—4 1
Hence, if n > ng, we get
d(z,an) < d(x,25) + d(Tp, an) < 461 + % =e.

Next we show the strict positivity of (1/'n)nen. If n € N and j € {1,...,n},
then N';, 4, (aj) = 0p, since d(aj;, A,) = d(aj,a;) = 0. Moreover, D', o, (a;) =
Yimal(d(ay, Ap) +0n) = d(aj, ;)] = 3202, (6n = d(aj, a;)) = 6, = d(ay, a;) = bn,
since for every ¢ # j, we have that d,, - d(a;,a;) = 0, since §,, < d(aj,a;) <>
0n — d(aj,a;) < 0. Consequently, u',(a;)(a;) = 1. Similarly, if ¢ # j, we have
that N, o, (a;) = 0p = d(aj,a;) = 0 ie., p'n(a;)(a;) = 0.

A “geometric” interpretation of the probabilistic selection (n)nen of The-
orem [3| goes as follows. By its definition N, (a;) > 0, while p,(2)(a;) = 0 <>
Npz(a;) =0 d(z,a;) > d(xz, A,)+27". If ¢ A, that can happen if a; is suf-
ficiently far from the point of A,, at which z attains its minimum distance from

9 If ¢V 0 >0, then ¢ >0V 0 >0 (see [, p.57). Hence, ¢ > 0 is the case, and then we
get immediately that ¢V 0 = c.
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A, orif z € A, and d(z,a;) > 27". Moreover, p,(z)(a;) > 0 <> N, »(a;) >
0+ d(z,a;) < d(z,A,)+27" i.e., either z attains its minimum distance from A,
at a; or, otherwise, the distance d(z, a;) is less than 27 "-close to the minimum
distance d(x, Ay) i.e., a; is very close to the point of A, at which z attains its
minimum distance from A,,. A similar interpretation can be given for Normann’s
probabilistic selection (¢',,)nen. Note that a simpler definition, like

d(xa aj)
Z?:l d(xa ai)

gives rise to a probability distribution on A,,, which trivially satisfies the con-
tinuity condition, but it is not positive, and the hypothesis v, (x,)(a,) > 0 is
equivalent to x, # a,, which is far from satisfying condition (P,) of a proba-
bilistic selection.

Note that the constructive proof of Theorem 3 works for dense subsets A
of X with a decidable equality, like Q in R. Next follows a density theorem
for hierarchies of limit spaces over separable metric spaces, the countable dense
subsets of which are appropriately enumerated, or have a decidable equality.

vn(2)(a;) =

Theorem 4 (density theorem). Let (X, d) be a separable metric space, and
let A= {a, | n € N} be a dense subset of X, where d(an,an) > 0, if n # m.
If =X | p — o is an inductively defined type system T over the base type X,
then in the T-typed hierarchy of limit spaces over X, defined by

X(1) += (X(0),im) = (X, lim),

X(p— 0) = (X(p) = X(0), lim),
p—o

the limit space X (7) admits general approzimations (TAppr,, )nen, for every type

7 in T. Moreover, there is a countable subset D, of X (1), which is lim,-dense

in X, therefore dense in (X (1), Tim, ), for every type 7 in T.

Proof. If 7 = ¢, then by Theorem [3{(ii) (X,limg, (An)nen, (Wn)nen) is a limit
space with a strictly positive, general lim-probabilistic selection on X. By Propo-
sition [7] there exist approximation functions (XAppr,,)neny on X such that the
structure (X, limg, (XAppr,,)nen) is a limit space with general approximations,
and XAppr,,(X) = A,, for every n € N. We define tAppr,, := XAppr,,, for every
n € N. By Theorem [1} if f € X(p) — X (o), and n € N, then the function
(p — o)Appr,,, defined by

[(p = o)Appr, |(f)(z) = oAppr,, (f(pAppr,(x))),

for every x € X(p), is the n-th approximation function that the limit space
X(p — o) admits. The existence of the countable subset D, of X(7) that is
lim,-dense in X, therefore dense in (X (7), Tiim. ), for every type 7 in T, follows
from Proposition
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Note that constructively we only have that 7y C Tyim,, where 7 is the topol-
ogy on X induced by its metric. Thus, what we determine through Theorem [
are countable lim,-dense subsets of each limit space X,. Of course, classically,
these are exactly the subsets one needs to find. Clearly, a density theorem for
a hierarchy of limit spaces over more than one separable metric spaces can be
shown similarly.

5 Concluding remarks

The proof of the main density theorem presented in this paper reveals, in our
view, the merits of the generalization of Normann’s notion of the nth approxima-
tion of a functional in the typed hierarchy over N through the notion of a limit
space with general approximations. The quite effective character of its proof is
also worth noticing. As Normann writes in [14], p.305,

[We would like to claim that an internal approach to computability in
analysis will result in easy-to-use, high level, programming languages for
computing in analysis, but the development cannot support this claim
yet. The possibility of finding support for such a claim, together with
basic curiosity, is nevertheless the motivation behind trying to find out
what internally based algorithms might look like.]

The application of limit spaces with approximations to the (classical) study of
limit spaces over other base types looks also promising. Moreover, it is interesting
to see if the general idea behind the theory of limit spaces with approximations
can be extended to other notions of space. Namely, to find a cartesian closed
category A, such that if X is an object of A, general approximation functions
XAppr,, of type X — X can be deﬁnec‘fl7 for every n € N, such that the objects
of A with general approximations form a cartesian closed subcategory of A.

A plan to provide a fully constructive proof of Theorem []is the following. We
expect that abstracting from the constructive properties of limy; we can define
a notion of a constructive limit space (X, climy) that preserves the cartesian
closure property of limit spaces (with the same definition of the limit relation on
the function space). In this case the proof of Theorem [4] goes through completely
constructively, since the proof of Theorem [I| does not depend on Urysohn’s ax-
iom. We hope to realize this plan in future work.
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1% Where the notion of approximation, as it is expressed in condition (Asz) of Defini-
tion EI, will depend on the structure of X.



15

References

—_

. E. Bishop: Foundations of Constructive Analysis, McGraw-Hill, 1967.

. E. Bishop and D. Bridges: Constructive Analysis, Springer-Verlag, 1985.

. D. Bridges and F. Richman: Varieties of Constructive Mathematics, Cambridge

University Press, 1987.
4. D. S. Bridges and L.S. Vita: Techniques of Constructive Analysis, in: Universitext,
Springer, New York, 2006.

. F. DeJaeger: Calculabilité sur les réels, Thesis, Paris VII, 2003.

. J. Dugundji: Topology, Universal Book Stall, New Delhi, 1990.

. M. Hyland: Recursion Theory on the Countable Functionals, Dissertation, Oxford,

1975.

8. K. Kuratowski: Topology, Vol.I, Academic Press, 1966.

9. K. Kuratowski: Topology, Vol.II, Academic Press, 1968.

10. J. Longley and D. Normann: Higher-Order Computability, Springer 2015

11. D. Normann: External and Internal algorithms on the continuous functionals, in
G. Metakides (ed.) Patras Logic Symposion, North-Holland Publishing Company,
1982, 137-44.

12. D. Normann: Internal Density Theorems for Hierarchies of Continuous Functionals,
in A. Beckmann, C. Dimitrakopoulos, and B. Lowe (Eds.) CiE 2008, LNCS 5028,
2008, 467-475.

13. D. Normann: A Rich Hierarchy of Functionals of Finite Types, Logical Methods
in Computer Science, Vol. 5 (3:11) 2009, 1-21.

14. D. Normann: Experiments on an Internal Approach to Typed Algorithms in Anal-
ysis, in S. B. Cooper and A. Sorbi (Eds.): Computability in context: computation
and logic in the real world, Imperial College Press, 2011, 297-327.

15. D. Normann: Banach spaces as data types, Logical Methods in Computer Science,
Vol. 7(2:11), 2011, 1-20.

16. D. Normann: The Continuous Functionals as Limit Spaces, in U. Berger, H. Diener,
P. Schuster and M. Seisenberger (Eds.): Logic, Construction, Computation, Ontos
Heusenstamm, Ontos Mathematical Logic 3, 2012, 353-379.

17. 1. Petrakis: Limit spaces in computability at higher types, manuscript, 2013.

18. 1. Petrakis: Limit spaces with approximations, Annals of Pure and Applied Logic
167 (9):737-752, 2016.

19. B. Scarpellini: A model for barrecursion of higher types, Compositio Mathematica,

23 (1), 1971, 123-53.

w N

~N O Ut



	A density theorem for hierarchies of limit spaces over separable metric spaces
	Introduction
	Basic notions and facts
	Positive and strictly positive probabilistic projections
	The density theorem
	Concluding remarks


